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Private Model Personalization Revisited

Conor Snedeker *f Xinyu Zhou * Raef Bassily®

Abstract

We study model personalization under user-level differential privacy (DP) in the shared repre-
sentation framework. In this problem, there are n users whose data is statistically heterogeneous,
and their optimal parameters share an unknown embedding U* € R** that maps the user
parameters in R? to low-dimensional representations in R*, where k < d. Our goal is to privately
recover the shared embedding and the local low-dimensional representations with small excess
risk in the federated setting. We propose a private, efficient federated learning algorithm to learn
the shared embedding based on the FedRep algorithm in [CHM+-21]. Unlike [CHM+-21], our
algorithm satisfies differential privacy, and our results hold for the case of noisy labels. In contrast
to prior work on private model personalization [JRS+21], our utility guarantees hold under a
larger class of users’ distributions (sub-Gaussian instead of Gaussian distributions). Additionally,
in natural parameter regimes, we improve the privacy error term in [JRS+21] by a factor of

O(dk). Next, we consider the binary classification setting. We present an information-theoretic
construction to privately learn the shared embedding and derive a margin-based accuracy guar-
antee that is independent of d. Our method utilizes the Johnson-Lindenstrauss transform to
reduce the effective dimensions of the shared embedding and the users’ data. This result shows
that dimension-independent risk bounds are possible in this setting under a margin loss.

1 Introduction

The rapid advances in machine learning have revolutionized domains such as healthcare, finance,
and personalized services. However, this progress relies heavily on the availability of user data,
which presents two critical challenges. First, user data is often statistically heterogeneous, that
is, individual users have distinct data distributions. This heterogeneity hinders the training of a
single global model that performs well for all users. Second, the reliance on sensitive user data raises
significant privacy concerns, necessitating robust mechanisms that offer strong privacy protections.
Model personalization has emerged as a key strategy to address the challenge of statistical
heterogeneity by adapting models to individual users, rather than relying on a single global model
that may perform suboptimally across diverse data distributions. A widely used framework for
personalization is shared representation learning, where users collaborate to learn a low-dimensional
embedding that captures commonalities in their tasks. This shared embedding allows users to train
their local models more efficiently, leveraging the embedding to complement their unique data.
However, despite its effectiveness in handling heterogeneity, model personalization introduces
additional privacy concerns, as learning shared representations involves user collaboration, which
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can inadvertently expose sensitive information. Ensuring rigorous privacy protections in this setting
requires formal guarantees, such as user-level differential privacy (DP) [DMN-+06], which prevents
adversaries from inferring an individual’s presence in the training dataset based on the trained model.
Existing approaches to private model personalization suffer from limitations such as restrictive
assumptions about data distributions, centralized processing requirements, and suboptimal privacy-
utility trade-offs.

In this work, we study model personalization under user-level differential privacy via shared
representation learning. In this problem, there are n users, where user i € [n] is associated with
a data distribution D; and a dataset S; = (z1,...2m) ~ DI". The optimal parameter of user i is
denoted as w; € R?. We aim at learning a shared low-dimensional embedding U* € R4** where
k < d, and user-specific parameters v}, ..., v} € R* such that w} = U*v} for each user i € [n],
under user-level DP. We propose a novel private federated algorithm for model personalization via
shared representation that achieves superior privacy-utility trade-off under relaxed assumptions. Our
contributions are summarized as follows:

1.1 Contributions

Efficient private federated algorithm for regression: We extend the FedRep algorithm
of [CHM+21] to ensure user-level DP while addressing the case of noisy labels in statistically
heterogeneous user data. The algorithm is iterative, where in each iteration ¢, it alternates between
local updates by the users to their local vectors vi¢,..., v, € R* and private aggregated gradient
update to the shared embedding U; € R¥*. Previous work [JRS+21] required performing exact
minimization with respect to both the local vectors and the shared embedding in a centralized
manner. Since the embedding update in [JRS+21] involves a minimization over data from all the
users, transforming their algorithm to a federated algorithm is not directly feasible. Meanwhile,
ours is naturally a federated algorithm since the gradient is computed by each user locally, which
the server privately aggregates. In natural parameter regimes, we show that our algorithm attains
excess population risk of O — fff + nmg‘i + % where opin « is k-th largest singular value

min,* min,*

of ﬁv*. Compared to [JRS+21], under the same parameter regimes, this reduces the privacy error

term by a factor of O(dk).

Robustness to broader data distributions: Unlike prior work [JRS+21| that assumes
Gaussian data, the utility guarantees of our private federated algorithm apply to a broader class of
sub-Gaussian distributions. Moreover, our results apply to statistically heterogeneous users in the
sense that individual users may have distinct sub-Gaussian distributions, while the work of [JRS+21]
assumes that the features of all the users are standard Gaussian.

Moreover, we extend the results of [CHM~+21| not only to the private case but also to the
non-realizable case of noisy labels.

Improved initialization under privacy constraints: We introduce a private initialization
algorithm for our federated algorithm. Our initialization algorithm is based on the subspace recovery
approach of [DFH-+22]. Our algorithm leverages a top-k singular value decomposition (SVD) with
added Gaussian noise. This ensures a feasible starting point for the shared embedding, even under
relaxed data assumptions.

Dimension-independent risk guarantees for classification: We provide an information-
theoretic construction for the binary classification setting under the margin loss and derive an risk
bound that benefits from margin guarantees. We incorporate the Johnson-Lindenstrauss transform
to reduce the effective dimensionality of the embedding space. This leads to a margin-based risk
bound independent of the input dimension d. This result holds for arbitrary distributions where the



feature vectors are bounded in the Euclidean norm.

1.2 Related Work

Our work builds on and extends several lines of research in federated learning, model personalization,
and differential privacy:

Federated personalization via shared representations: Shared representation learning
has proven effective in addressing user heterogeneity [CHM+21; JRS+21]. Additionally, centralized
subspace recovery methods [TJJ21; DFH-+22] may be used to provide a good initialization for the
shared representation for better federated personalization guarantees. While prior work focuses on
non-private or centralized settings, our approach incorporates user-level DP in a federated framework
and achieves better utility guarantees.

Differentially private model personalization: [JRS+21] introduced a private algorithm for
model personalization with centralized processing and restrictive Gaussian assumptions. Our method
improves excess risk guarantees and extends applicability to sub-Gaussian data distributions. There
are other prior works studying private model personalization like [BWD+22; HWS21|, but these
works are not under the representation learning framework and their results are not comparable to
ours.

Optimization methods for representation learning: Relevant optimization techniques
include alternating exact minimization frameworks [TJN+21| and gradient-based optimization, which
has also been widely used for personalization (e.g., [CHM+21; RRB+19; LMR+19; TWK-+20]).
Our alternating minimization framework adapts these gradient techniques to a privacy-preserving
federated setting with noisy labels.

Dimensionality reduction with DP guarantees: The use of the Johnson-Lindenstrauss
transform in private learning has been explored in recent work (e.g., [LUZ20; BMS22; ABG+22|). We
adapt this technique for federated personalization, deriving margin-based risk guarantees independent
of the data dimension d.

2 Preliminaries

We consider a setting of n users, where each user ¢ € [n] is associated with distribution D; observed
by a dataset S; = ((z1,y1), ... (Tm,Ym)) ~ D" where x; € R? and y; € R. Given a low dimensional
embedding matrix U € R** with orthonormal columns and local vector v € RF, the loss incurred
by the parameter (U, v) over data point (z,y) is defined as £(U, v, (z,y)) = ¢ (y, (x,Uv)). Suppose
k < d. Tt is useful conceptually to think of the matrix U as a transformation z — U 'z that maps
z € R% onto the low-dimensional space R¥. In addition, we assume that k& < m. This assumption is
necessary to attain useful utility guarantees as in prior work [JTT18].

Given a collection of data sets S = (S1,...,5,) € R?(d+1) " embedding matrix U € R** and
collection of local vectors V = [v1,...v,]" € R™F we write the average empirical risk of (U, V)
over S as

LOVis)= 5 3 U (r.))

=1 (z,y)€S;

We also define the average population loss of (U, V') over the data distributions D = (Dy,...,D,,) as

1
L(Ua V; D) = g Z E(x,y)NDl- [g(Uv (%R (337 y))] .
=1



Given any (U*,V*) € R¥™F x R"™* for U* with orthonormal columns, our goal is to minimize the
excess population risk w.r.t (U*,V*) defined as

E(U,V) = L(U,V;D) — L(U*, V*; D).

Let M € R¥* be any matrix. Recall our setting in which k& < n. Denote the spectral norm
of M with ||M||2 and its Frobenius norm with ||M||r. We denote by omax(M) and omin(M) the
largest and k-th largest singular values of M, respectively. Further, suppose that Q € R¥* is a
matrix with orthonormal columns and P € R¥** an upper triangular matrix where QP = M is the
QR decomposition of M. We take QR( - ) to be the function that maps M to (Q, P). Finally, given
a subspace B, we denote its orthogonal subspace as B .

Definition 1. Let X € R be a random wvariable. We call X a centered R-sub-Gaussian if X
satisfies [eAX] < MR/ for all X € R. Furthermore, we denote the distribution of X as SG(R?).

We now introduce a quantity that is commonly used in matrix completion [JNS13| and shared
representation learning [JRS+21; CHM+421] as a measure of distance between subspaces of R?. It is
conceptually useful to think of this distance as measuring the dissimilarity of span and alignment
between two subspaces.

Definition 2. We define the principal angle between the column spaces of matrices My, My € R4<F
via dist(M:, M) = ’

MIJ_MQHQ where MIT’l, My are matrices with orthonormal columns that satisfy

span(ML_) = span(M), and span(My) = span(Ms).

Note that we can instantiate the matrix MLL with Igug — MlMlT This is used many times
in our analysis. We show how to bound the excess risk with the principal angle in Lemma 35 in
Appendix B.

Definition 3 (User-level Differential Privacy [DMN+06]). A randomized algorithm A is (€, 0)-user-
level differentially private (user-level DP) if for any pair of neighboring collections of datasets
S, 8" e RY™d+Y) differing in a single user dataset and any event B in the output range of A, we
have

P[A(S) € B] <eP [A(S') € B] +6.

Billboard Model. In this paper, we adopt the billboard model of differential privacy [HHR+14;
KPR-+14]. In this model, there are n users and a central computing server. The server first runs a
differentially private algorithm using the sensitive data from the users. The output of the algorithm
is then broadcast to all users. Each user will independently train their own model using the broadcast
output and the user’s own data. The results of these individual computations will be kept to each
user and never shared with other users.

Personalization via Representation Learning. We denote the the optimal parameters of
user ¢ as w;, and we assume all user parameters {wj,...w}} share a low dimensional embedding
matrix U* € RF*? with k < d such that w} = U*v} with a local vector v} € R¥ for i € [n]. Given a
dataset collection S = (S1,...Sy), the goal is to privately find a shared low dimensional embedding
matrix U € R¥* and local vectors V = [vy,...v,]" with low excess risk compared with U* and
V* = [vf,...v%]". Throughout this work, we assume U has orthonormal columns, hence the shared
matrix U effectively maps d-dimensional feature vectors z € R? to low-dimensional representations
UTz € RF that ease local demands on each user. Given parameter spaces U, V, the objective can be
formulated as a minimization problem written as minyey,vey L(U, V; D).



3 Private FedRep Algorithm

In this section, we propose an efficient federated private model personalization algorithm based
on the FedRep algorithm in [CHM+21] for regression problems. Our algorithm is based on an
alternating minimization framework where the algorithm alternates between the updates of user
local vectors and the shared embedding by first finding an empirical minimizer for each user, followed
by computing a gradient with respect to the embedding. After we compute the private shared
representation, each user will independently solve for their user-specific local model, which will be
kept to each user. We provide rigorous utility and privacy guarantees for our algorithm and give a
detailed comparison with prior work.

We make several modifications to the original FedRep algorithms and its analysis. First, we
sample disjoint data batches in each iteration to update the local vectors and shared embedding
separately while the original FedRep uses the same data batches for both. This use of disjoint data
batches enables us to give a tighter bound on the Frobenius norm of the computed gradients, which in
turn reduces the amount of noise required for privacy preservation. Moreover, we consider the setting
of noisy labels, as opposed to the original FedRep analysis. Incorporating label noise introduces
unique technical challenges into the analysis. Roughly speaking, without label noise, we can show the
distance between the computed embedding with the ground truth decreases geometrically with high
probability across iterations. However, such monotonic distance decrease is no longer guaranteed in
the presence of label noise. Instead, we employ an induction-based argument to upper bound the
distance.

Before we introduce the Private FedRep algorithm, we first give some definitions and assumptions
that hold for the entire section.

3.1 Problem Setting and Assumptions
In this section, we focus on quadratic loss defined (U, v, (x,y)) = (y — (x,Uv))? for all U €

Rk 4 € R* (z,y) € R Define I' = max;cp[|vf 2. Denote omins = Omin (ﬁv*) and
Omax,* = Omax (ﬁV*), respectively. In our setting, we assume that the rank of ﬁv* € R"¥F is k,

which implies o min «, the k-th largest singular value of ﬁv*, is greater than 0. The values I', omax «,
and omin « are important in this setting and appear in our final bounds. We additionally define the
condition number to be y = Zmaxx

Omin, *

The guarantees of our algorithm will rely on the following assumptions.
Assumption 4 (Client Diversity). There are known A, X > 0 such that A > Omax« > Tmins > A

The assumption that omin « > 0 is made explicitly or implicitly in prior work [CHM+21; JRS+-21].
Observe that Assumption 4 implies v < % In this sense, % is an estimate of the condition number ~.

To make our analysis tractable, we will introduce some standard data assumptions similar to
those invoked in prior works [CHM+21; DHK+20; JRS+21; TIN+21; TJJ21]. Although we make
these assumptions, our algorithm can be used for a wider range of data sources than what is shown
here.

Assumption 5. Let i € [n] and x ~ D;. For alli € [n] the feature distribution D; has covariance
llul3

matriz Iyxq and is sub-Gaussian in the sense of E [e<x’“>] < e 2 for all v € RY.

Assumption 6. Let SG(R) be any centered R-sub-Gaussian distribution over R. Sample ( ~ SG(R).

For all i € [n] and any data points (z,y) ~ D; we generate the label y for the i-th user via

Yy = ajTU*v;‘ + ¢ where ¢ is independent for all x ~ D;.



Unless stated otherwise, in this section, we assume that Assumptions 4, 5, and 6 hold. However,
we note that our algorithms do not require knowledge of Assumptions 5 and 6.

3.2 Main Algorithm

Algorithm 1 uses alternating minimization for convergence to an approximate minimizer of the excess
population risk in parameters U € R?* with orthonormal columns and V' € R™** simultaneously.
At each iteration of the inner loop each user samples b data points without replacement from their
data set S;. The users then split this sample into disjoint batches B; ;, Bz{?t for use in the computing
parameters in iteration . Our inner loop uses parallel execution at iteration ¢ to locally compute
a minimizer v;; € arg min, cpx E(Ut,v; B;+) and a gradient V;; = VUE(’UM, Uy B?{,t) for each user
i. The server then aggregates clipped gradients {cIip(Vi,t,zp)}tem for its gradient step and then

H]\%\F -min{l,m} for any M € R¥™* and 7 € R.

returns U1 to the users where clip(M, 1) =

Algorithm 1 Private FedRep for linear regression

Require: S; = {(i1,¥i1),---,(Zim,Yim)} data for users i € [n], learning rate n, iterations T,
privacy noise parameters &, clipping parameters v, 1init, batch size b < |m/2T |, initial embedding
Uit € R*F
Let SY < {(wij,yi;) 7 € [m/2]} Vie€ n)

Let S} < S;\ SY Vi€ [n]
1: Initialize: Uy < Uipnit
2: fort=0,...,T—1do
3:  Server sends Uy to clients [n]
4:  for Clients i € [n] in parallel do
5 Sample two disjoint batches B;; and Bgyt, each of size b, without replacement from SZO
6: Update v; as v; 4 < argmin, cgr E(Ut, v; Bit)
7 Compute the gradient w.r.t U

Vit Vo L(U;, Vi Biy)

: Send V; ; to server
9: end for
10:  Server aggregates the client gradients as

) 1<~
U1 < U — 1 (n ZC“P(Vz‘,t, V) + ft+1>

=1
Uit1, Pyt < QR(Up41)

where & 41 < NK(0,62)
11: end for
12: Server sends UP™Y < Ur to all clients
13: for clients i € [n] independently do

14: P« argmin,cge L(UPY,0; S1) Vi € [n]
15: end for . .
16: Return: UPHY VPV o [P pPt]T

Each iteration Algorithm 1 ensures that U;;1 has orthonormal columns. Due to orthonormality,



the noise injected during the aggregation of (V;t);c[, does not affect the norm of V; ;11 for each i,t.
This lack of noise propagation, D having a covariance matrix Iy, and the use of disjoint batches
B, Bz/‘,t ensure the following bound on the size of V; ;.

Lemma 7. With probability at least 1 — O(T - n=10), we have
IVidll p < O ((R+T)TVdE)

for all i € [n] and all t € [T] simultaneously.

We use Lemma 7 to choose the clipping parameter v in Algorithm 1 in later results.

Theorem 8. Algorithm 1 is (e,9)-user-level DP in the billboard model by setting 6 = Cqﬁiﬁfﬁg(l/d)
for some absolute constant C > 0.

We define A, 5 := Civloge(l/é) for any e > 0 and § € [0, 1].

For the following result, recall the definition of v =
there exists A > 0 such that omin« > A

and Assumption 4, where we assume

Omin, *

Lemma 9. Letn < 20% Suppose 1 — dist?(Uy, U*) > ¢ for some constant ¢ > 0. Set the clipping

A _logn _ A . nmA?2
parameter ) = O ((R +D)I'v dk:). AssumeT = e = O<m1n (maX{AE’g,l}(R—i—F)Fd\/Em—i-RQFQdafnin’*’
20'2 . A .
(2 l}ma:;ll:g 1“;‘:/’;’;1,2+R2k02 >> and Assumptions 5 and 6 hold for all user data. Set & as in

max,*

Theorem 8 and batch size b= |m/2T|. Then, UP'Y, the first output of Algorithm 1, satisfies

. C (7'2- 2
dist(UP, ") < (1 _ 77% dist(Up, U™)

+0 3 I

najmin,* min,*

nmao

~ ((R +DNAVET | [(R2+ r?)r%lT)

with probability at least 1 — O(T - n~10).

Note that dist(Up, U*) in the right-hand side of the bound in Lemma 9 is bounded from above
by v1 —c.

Given Lemma 9, we may obtain our main excess population risk bound. Let UP™Y be the final
shared embedding returned from Algorithm 1. The intuition behind this result is that a small principal
angle between the two matrices UP™Y U* implies UP™Y approximates U* as a transformation R? — ]Rk
Our choice of v} € arg min,cpx L(UPY y; S1) for S} independent of UPTY means w; = UPVyP™"
reliably transforms a fresh feature vector x ~ D} into a scalar x " w; that is close to the noisy label
:ETU*U;‘ + ¢ when n, m are sufficiently large.

Recall in Assumption 4 we assume there exist A, A > 0 such that A > opax s > Omins > A
Th . . _ 1 . A% log(n3)

eorem 10. Suppose all conditions of Lemma 9 hold withn = 555, T = © <7)\2 ), and that
Assumption 4 holds as well. Then, UP™ and VP™V, the outputs of Algorithm 1, satisfy

L(Upriv’ Vpriv; D) _ L(U*, V*; D)

C 5B ATADNEE (BT | R
- n?e2al, A nmot. A2

min,* m



with probability at least 1 — O(T - n~10). Furthermore, Algorithm 1 is (e,d)-user-level DP in the
billboard model.

Note our results in Theorem 10 can also be extended to the case where new clients share the
same embedding U*. This is formally presented in the following corollary.

Corollary 11. Suppose all conditions of Theorem 10 hold. Consider a new client with a dataset
Sp+1 ~ DIy, where Assumptions 5 and 6 hold with |[vi,|l2 < T. Let UPY be the output of

Algorithm 1 and vzi‘{ — argmin, cge L(UPY,0;8,,41), if m' > klogm'. We have

L(Upriv PV . Dpy1) — L(U*, vy 13 Dpyr)

» Yn+1o
-5 (R + T2)IMA%d%k N (R +T2)IMA%d N R%k
- n2e2ot. N2 nmot. A2 m/

with probability at least 1 — O(T - n =10 4 m/~100),

Initialization. We require dist(Up, U*) in Lemma 9 to be bounded away from 1 otherwise the
bound is trivial since the first term becomes 1 when ¢ = 0. By definition of the principal angle (2),
dist(Up, U*) = 1 when the column space of Uy and U* are orthogonal. For now, we assume such a Uy
whose column space overlaps modestly with that of U* in the sense of dist(Uy, U*) < v/1 — ¢ can be
found with reasonable effort. In the next subsection we give an efficient algorithm that guarantees
such an initialization.

3.3 Private Initialization Algorithm

In this section, we introduce an initialization algorithm for our private FedRep algorithm (Algorithm
1). Our initialization algorithm is based on the estimator in [DFH-22] and the privacy guarantee is
achieved by adding Gaussian noise to the estimator before using top-k-SVD. Our private initialization
algorithm achieves the same convergence rate as the one in [JRS+21]. But unlike [JRS+21], which
is limited to i.i.d. standard Gaussian feature vectors, the guarantee for our algorithm holds in a
broader class of sub-Gaussian feature vectors. The detailed steps of the algorithm are provided in
Algorithm 2, while its privacy and utility guarantees are established in Lemma 12.

Lemma 12. Suppose that Assumptions 5 and 6 hold. Let Uiniy be the output of Algorithm 2. Then,

by setting Yinit = O((R? +T?)d), we have

2 4

najmin,* min,*

_ 2 12)73/2 2 4 T2\T2
st (Ui U*) < O ((R +0)d2 (B T2r d>
mno

with probability at least 1 — O(n=19). Furthermore, Algorithm 2 is (e, 8) user-level DP.

. . . . . . . A?log(R?d/k
By using Lemma 12 in conjunction with Theorem 10 and an iteration count T'= © Ogg\z/)>,

we are able to achieve the same utility guarantee as Theorem 10 without any assumptions on
diSt(Umit, U*)

Comparison with [JRS-+21]: Under conventional assumptions in prior work [TJJ21] to
normalize V* and SG(R) so that both ' and R are ©(1), the Priv-AltMin algorithm in [JRS+21]

3 1.2 . .
nggaﬁ + ) > + % for Gaussian data. Meanwhile, our

min,*

achieves an excess risk bound of O




Algorithm 2 Private Initialization for Private FedRep

Require: S; = {(zi1,¥i,1),- -+, (Tim/2,Yim/2)} data for users i € [n], privacy parameters ¢, d,
clipping bound iy, rank k

winit 210g 125
Lt Gy - LV 2oel5)

ne
Let &init + N4(0,62.)

init

for Clients i € [n] in parallel do

Send Z; < ﬁ Zjﬁéjz yi,jly@hxi,jlmzjg to server
end for
Server aggregates Z; and add noise for privatization

1 n
= Z clip(Z;, Yinit) + init
i=1

7: Server computes

Uinit DU, < rank-k-SVD(Z)

init

8: Return: Uit

. . . =~ 2 2 2
Private FedRep algorithm achieves a rate of O <n26§U§A =t dA = > + % When % (an upper

min,* Umln *

bound on the condition number of ﬁv*) is O(1), which is a regime considered in [JRS+21] and
assumed in [CHM+21], we improve the privacy error term in [JRS+21] by a factor of O(dk).

. . ~ . 3 2 2 .
More generally, in the regime where n = O (mln <df§n, \/ EQd km \/ 62d 4mA >>, our bound is

min,* min, *

tighter than the bound of [JRS+21] by a factor of O <d1]§)2‘2> when £ = O(Vdk

. . . ~ . 21.2 3 2 ~
Meanwhile, in the regime where n = O (mln (d ':Qm 62‘1 km_ =i dA )\2>) and n = () (d’:;”),
mln * mln *

we achieve a bound tighter than that of [JRS+21] by a factor of O (kozm)‘2> when £ = 9) (4, /™).

ne?A? €
Additionally, our work improves over that of [JRS+21] in two important respects. First, it
requires less restrictive data assumptions (sub-Gaussian instead of Gaussian feature vectors). Second,
our algorithm can be naturally written as a federated algorithm while the algorithm in [JRS+21]
requires centralized processing and transforming it to a federated algorithm is infeasible.

3.4 Synthetic Data Experiment

The results in Figure 1 are obtained via data features from A(0, ;) with problem parameters
n = 20,000, d = 50, k = 2, and m = 10. Our data labels are generated as in Assumption 6 given
label noise sampled from A (0, R?) with R = 0.01. We use local GD and non-private FedRep as
baselines for our comparison. See Appendix B.4 for details!.

4 Margin-based Dimension Reduced Construction for Classification

We now introduce our information-theoretic guarantees for private representation learning for
classification problem with margin loss. Our approach is based on the observation that learning a

Note as well this GitHub repository with a copy of our code.


https://github.com/learningformality/Private_FedRep/blob/main/FedRep_Ready.py
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Figure 1: Graph of population MSE over choice of privacy parameter € € [1, 8] for synthetic data
comparing Algorithm 1 to Priv-AltMin in [JRS+21].

shared linear representation can be framed as training a 2-layer linear neural network, enabling the
use of the Johnson-Lindenstrauss (JL) transform [Joh84] for dimensionality reduction.

We demonstrate this utility guarantee as follows. First, we introduce the assumptions and
definitions that hold for this section. This includes the definition for the Johnson-Lindenstrauss
transform along with a randomized instantiation. Subsequently, we describe the score function and
covering argument required to combine dimension reduction with the exponential mechanism. We
then introduce Algorithm 3 that exploits the margin loss to attain our main result of the section,
Theorem 17. Finally, we discuss the relevance of the main result and its independence from the data
dimension d.

Let k' < d. By applying a linear transformation of the data via an appropriately chosen matrix
M e ]Rk/Xd, we show that learning personalized parameters can support further dimension reduction.
This is done by first learning U E~Rk/Xk over the linearly transformed data in R¥ then constructing
the final shared embedding M "U € R¥*. We obtain utility guarantees independent of the data
dimension d via this process of first learning a low-dimensional embedding then mapping it to R4<¥,

In this section, we study the classification setting. Let X be the d-dimensional Euclidean ball with
constant radius r > 0 centered at the origin and Y = {—1,1}. Define that data space Z = X x ).
Let U C R¥* be the space of d x k matrices with orthonormal columns and V € R"** be the
space of matrices with rows bounded in Euclidean norm by a universal constant I' > 0. The data
distributions for our n users Dy, ..., D, are possibly distinct distributions over X x ). We further
define the distribution sequence D = (D, ..., Dy).

Definition 13. Let (U,v) € R>* x R and (z,y) € R? x {~1,1} any data point. We define the
margin loss as {,(U,v,z) = 1[y(xz,Uv) < p|] and denote the 0-1 loss {(U,v,z) = £y(U,v,2) =
1 [y(z,Uv) <0].

Let U cU,veRF and 8 = (2]...,2],) € Z™. We define Ep(U,’U;S,) = %Z;nﬂ p(U,v,2})
for any U,v,S’. Suppose V = [vy,...,v,]" € V and let S = (S1,...,S5,) be a sequence of datasets
S; € Z™ for all i € [n]. We further define Ep(U,V;S) =15, EP(U, v;;5;) for all U, V,S. Our
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goal is to privately optimize the population loss L(U,V ;D) = % S Egp, [L(U,v1, Z;)] over U,V
with personalization of V. We accomplish this via an application of the exponential mechanism over
a cover of a dimension-reduced version of U.

Definition 14. Let G C R? be any set of t vectors. Fiz 7,3 € (0,1). We call the random matriz
M € R¥'*4 ¢ (t,7, B)-Johnson-Lindenstrauss (JL) transform if for any u,v’ € G

[(Mu, Mu') — (u, )| < 7ullo]le||2
with probability at least 1 — 8 over M.

The JL transform is a popular and efficient method of dimension reduction whose existence is
ensured by the Johnson-Lindenstrauss lemma [Joh84; Nel20; Woo-+14]. Via a JL transform M we
are able to preprocess a feature vector x into a low-dimensional vector Mx € R¥ for use in our
federated learning problem. This preprocessing showcased in Algorithm 3 effectively reduces the
dimension of our learning problem.

Lemma 15. [BMS22] Let 7,3 € (0,1). Take G C R? to be any set of t vectors. Setting k' =

log( L
0 <*‘§T<2/3)> for a k' x d matriz M with entries drawn uniformly and independently from {:l:\/%}

implies that M is a (t,7,3)-JL transform.

Suppose M € R¥*d is a random matrix with entries drawn uniformly from {:t\/ly} Define

Uy = {MU : U € U}. Let Br be the k' x k-dimensional Frobenius ball of radius v2k. We define N/
to be a Frobenius norm ~-cover of Br. Assuming that v < 1, we have Uy; C Bp with high probability.

. - Kk
That is, for any U’ € Uy there exists U € N7 where ||U'—=U|| < ~. Moreover, |N7| < O ((‘f) >

Algorithm 3 first takes as input the user data sequence S and score function f. It then constructs
a JL transform M in the sense of Lemma 15. Algorithm 3 reduces the dimensionality of the users’
data in S by applying M to each feature vector in each user’s dataset. The exponential mechanism
is run over a cover N7 using a score function f( - ,Sys), which will be defined shortly, to obtain a
low-dimensional shared embedding U € RF*k This MU € R ig used by Algorithm 3 where
the final embedding UP'Y = M TU and local vectors VPriv = [v{)riv, ., oR™]T are computed by the
users via UP™Y,

Remark: Our algorithm functions as an improper learner in the sense that the learned shared
representation UP'Y is not necessarily an orthonormal matrix. However, this does not affect the
performance of the final user-specific classifiers in terms of expected loss. In particular, Theorem
17 establishes that the expected loss incurred by our algorithm remains close to that of an optimal
orthonormal shared representation, ensuring that the lack of orthonormality does not degrade utility.

Assume for simplicity that m is even. We partition S; = S? U S} where SY = {z15,-- ,Z%J}
and S} = {241, .-, 2m;} for each i € [n]. Further, we denote St=(S8%,...,S!) where t € {0,1}.
Suppose that S = (S1,...,5,) C Znm(d+1) ig o sequence of n datasets with m samples each. Let
Sy = ((S1)m, - (Sn)ar) where (S;)ar = {(Mx; j,yi;) = j € [m]} for all i € [n]. The score function
for Algorithm 3 is f(U, Su) = —% > iy ming, <r Ep(ﬁ, v;; (Si)ar) for U € N7. Since we provide a
user-level privacy guarantee, we must bound the sensitivity of f over neighboring sequences S, S’
where S’ differs from S by at most a single user’s entire dataset. It can be shown that the sensitivity
is bounded %, which follows easily from the fact that the margin loss is bounded by 1.

The lemma below is an extension of a fundamental result for the exponential mechanism [MT07].
Key to obtaining this result is that = is both the error parameter of the JL transform and the radius
of the sets in our cover N/7.

11



Algorithm 3 Private Representation Learning for Personalized Classification

Require: dataset sequences S° and S' of equal size, score function f(U’, - ) =
—minyey L,(U',V; - ) over matrices U’ € Rk/Xk, privacy parameter € > 0, target dimension

=0 <r2r2 lopgg(nm/&)) 7

1: Sample M € R¥'*d with entries drawn i.i.d uniformly from {:I:\/ly}

2: Let Sar = ((S1)Ms-- -, (Sn)mr) where (Si)ayr = {(Mz,y) : (z,y) € S?} for i € [n]

3: Let N7 be a Frobenius norm ~y-cover of Bp

4: Run the exponential mechanism over N7, privacy parameter ¢, sensitivity %, and score function
F(U’, Sur), to select U € N

5: Let UP'Y « MU .

6: Each user i € [n] independently computes v;" " <« arg min,,<p L(UP™ v, §1)

7. Return: UPHY VPriv — [P pPt]T

Lemma 16. Fize,p > 0,5 € (0,1). Algorithm 3 is (¢,0)-user-level DP. Sample S ~ D™. Then,
Algorithm 8 returns UP™Y from input S such that

min L(UP™, V; 8% < min  L,(U,V;8°)
Vey (U,V)eUxV

~ (T2
+0( )
epn

with probability at least 1 — 3 over the randomness of S and the internal randomness of the algorithm.

Theorem 17. Fiz e,p > 0,5 € (0,1). Algorithm 3 is (e,0)-user-level DP in the billboard model.
Sample user data S ~ D™. Then, Algorithm 3 returns UPTY VPV from input S such that

LUP™, VP D) < min  L,(U,V;8°)
(U,V)euxy

~ [ r212k r212
+ 0 >t —=
nep mp

with probability at least 1 — 3 over the randomness of S and the internal randomness of the algorithm.

To the best of our knowledge, the above bound is the first margin-based population loss bound
that is independent of the data dimension in private personalization with shared embedding.

5 Conclusion

In this work, we revisit the problem of model personalization under user-level differential privacy
(DP) in the shared representation framework. We propose a novel private federated personalization
algorithm that extends the FedRep method while ensuring rigorous privacy guarantees. Our approach
efficiently learns a low-dimensional shared embedding and user-specific local models while providing
strong privacy-utility trade-offs, even under noisy labels and broader sub-Gaussian data distributions.
A key contribution of our work is demonstrating that private model personalization can be achieved
in a federated setting with improved risk bounds. Specifically, we show that our approach reduces the
privacy error term by a factor of O(dk) in a natural parameter regime, leading to a higher accuracy
in high-dimensional settings. Moreover, our private initialization technique ensures a good starting
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point for learning shared representations, even under privacy constraints. Additionally, for binary
classification, we provide an information-theoretic construction for private model personalization that
leverages dimensionality reduction techniques, and hence, derive margin-based dimension-independent
risk bound.

While our work provides significant advancements in private federated personalization, several
open directions remain for future research: (i) Relaxing the identity covariance assumption: Current
results assume sub-Gaussian feature distributions with identity covariance. While this assumption
simplifies the analysis and aligns with prior work, it does not hold in many real-world applications.
A key challenge is extending our methods to handle arbitrary covariance matrices. This could
involve leveraging adaptive preconditioning techniques or covariance-aware mechanisms to improve
learning under more general feature distributions. (ii) Extending beyond quadratic loss functions:
Most of efficient private personalization algorithms, including ours, rely on quadratic loss (i.e.,
least-squares regression) due to its analytical convenience. Developing gradient-based methods for
more general loss functions, such as logistic or hinge losses, remains an important open problem.
Current techniques for private optimization in these settings are either computationally expensive or
lack strong utility guarantees.
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A Technical Lemmas

Proposition 18. Let X = (Xy,...,X,) € R® be random vector. Assume that X, is Ry-sub-Gaussian
for each p € [a] and that X,,, X, are uncorrelated for p # q. Let R = (Ry,...,Ry). Then, for each
v € R?, the random variable (v, X) is (||V|2 max,¢[q Ra)-sub-Gaussian.

Proof. Fix an arbitrary A € R. Observe

e o] i [T v
p=1

T [0 %
[[& [

a
< H e/\QVZ%RZQ?

p=1
< NIVl max e, B2

where the second equality holds by uncorrelatedness, the first inequality from the definition of
sub-Gaussian, and the final inequality from definition of ||v||3. O

Proposition 19. Let X = (X1,...,X,) € R be random vector with E[X] = 0. Assume X,, X,

are uncorrelated for p # q. Suppose that v, € R* with (v,7) = 0. Then, (v, X) and (r,X) are
uncorrelated.

Proof. By the assumptions of the above proposition

E[(v, X)(m, X)] =E ZVPXPZWPXP
p=1 p=1

=E | Y XX,
| p,g€[a]

=E > pmpXp| +E | D 1 Xp X,
| p=1 p7q

a
=0’ Z VpTp + Z vpmgE [Xp] E[X,]
p=1 p#q

=0
=E[(v,X)]-E[(r, X)]

where the last three equalities hold by (v, w) = 0, the uncorrelatedness of the components of X, and
the linearity of expectation. O

Lemma 20 (McDiarmid’s inequality). Let f : R™ — R be a measurable function. Assume there

exists a constant ¢; > 0 where, for all xy,...,x, € R
/
sup ‘f(xh s Ti—1,Tjy Lit1s - - - 7xn) - f(xh s Ti—1, Ty Lit1s - - - 7xn)‘ <g¢
' eR
7
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for each i € [n]. Suppose X1,...,X, € R is a sequence of i.i.d. random variables. Then, for all

s>0
2

P(f(X1,. ., Xn) —E[f(X1,. .., X,)] > 5] < e Threr,

Definition 21. We say that a random variable X € R is R-sub-exponential if
E [ex\xq < MR

for all X such that 0 < A < 1/R.

For the definition above, we call the smallest such R the sub-exponential norm of an R-sub-exponential
random variable.

Lemma 22 (Bernstein inequality). Let X1,..., X, € R? be a sequence of i.i.d. R-sub-exponential
random variables. Then, for any s > 0

1 - 7cnmin<ﬁ i)
P EZXz‘ZS <e R2’'R
=1
for some constant ¢ > 0.

Lemma 23 (Lemma 4.4.1 [Ver18|). Let M € R be any matriz. Take S*~1, 871 to be the unit
spheres in R®, R?, respectively. Suppose that N, N are Euclidean e-covers over S®~1, S~ Then

| M||2 < v MY

< max

1 — € veNe v eN?

Definition 24. A centered random vector X € R® with covariance matrix 3 is isotropic if
N=F [XXT} — I,

Definition 25. A centered random vector X € R® is R-sub-Gaussian if

200112
R7Jull3

E [6<X’“>] <e z

for all u € R®.

Note that when a centered vector X € R® is 1-sub-Gaussian and has covariance matrix I,, the
components of X are 1-sub-Gaussian. We use this fact in our results in conjunction with Assumption 5.

Theorem 26 (Theorem 4.6.1 [Verl8|). Let M be an a x b matriz whose rows are independent
mean-zero K -sub-Gaussian isotropic random vectors in R®. Then, for any o > 0, there exists ¢ > 0
where

Va—cK? (\/I;—i—a) < Opmin(M) < Omax(M) < Va + cK? <\/(;+a>

with probability 1 — 2e™

Corollary 27. Let M be an a x b matriz whose rows are independently drawn from N(0,65%I4xa).
Then, for any a > 0, we have

6(ﬁ— (\/B—l-a)) < omin(M) < omax(M) <6 (\/5+ (\/l;—ka))

with probability at least 1 — 2e=".

18



Proof. Observe that we have M = M for a matrix M ~ A%*%(0,1). As well, note that M satisfies
Theorem 26 with K = 1 since its rows are standard Gaussians.

For any matrix A € R**®, we also have that o,(c'A) = ¢'o,(A) for ¢ > 0 a constant and o,(A)
the p-th singular value of A. Combining the above reasoning and Theorem 26, there exists a constant
¢ > 0 such that

\/a—c<\/i)+a> < Omin(M) < Omax(M) S\/5+C(\/5+a>

implies
’ 6(\/5—c<\/5+a>>Samin(M)Samax(M)§&<\/a+c<\/1;+a>>

«

with probability at least 1 — 2e™ g Furthermore, for standard Gaussians we have ¢ = 1. O

Note that one could simply apply Theorem 26 directly to the matrix M from Corollary 27 by
using K = &, but this does not give the desired result. In particular, we require that & scale both
terms of the upper bound of opax(M) in our later analysis of the Gaussian mechanism.

B Missing Proofs for Section 3

B.1 Main algorithm results

We first restate our algorithm and main assumptions.

Assumption (Restatement of Assumption 4). There are known A, X > 0 such that A > omax « >
Omin,* > A

Assumption (Restatement of Assumption 5). Let i € [n] and x ~ D;. For all i € [n] the feature
llull3
distribution D; has covariance matriz Iy and is sub-Gaussian in the sense of E [e@”’“)] <e 2 : for

all u € R4,

Assumption (Restatement of Assumption 6). Let SG(R) be any centered R-sub-Gaussian distribu-
tion over R. Sample ¢ ~ SG(R). For alli € [n] and any data points (x,y) ~ D; we generate the
label y for the i-th user via

y=x Ul +¢

where ¢ is independent for all x ~ D;.

Unless stated otherwise, in this section, we assume that Assumptions 4, 5, and 6 hold. Furthermore,
throughout our proofs we assume n = )(dk). This assumption is reasonable in the context of our
work since n = §(dk) is required for non-trivial results in our final bounds.
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Algorithm 1 Private FedRep for linear regression

Require: S; = {(zi1,¥i1),---, (Zim,Yi,m)} data for users ¢ € [n], learning rate 7, iterations T,
privacy noise parameter &, clipping parameters ¥, ¥init, batch size b < |m/2T|, initial embedding
Uit € R9*F
Let SZO — {(mi,j,ym) :j €[m/2]} Vi€ [n]

Let S} < S;\ SY Vi€ [n]
Initialize: Uy < Uinit
fort=0,...,7—1do
Server sends U; to clients [n]
for Clients i € [n] in parallel do
Sample two disjoint batches B;; and Bg,w each of size b, without replacement from S
Update v; as
Vit — argmin E(Ut, v; Bit)
vERF

Compute the gradient w.r.t U
Vit VuL(Us,vig; B y)

Send V; ; to server
end for
Server aggregates the client gradients as

A 1~
U1 < U — 1 (n > clip(Vig, ) + §t+1>

—1
Uit1, Pr1 < QR(Upp1)

where &1 < NK(0,62)
end for
Server sends UP'Y «— Ur to all clients
for Clients i € [n] independently do

Uiprlv < arg minveRk‘ L(Upriv7 v; Szl) Vi € [n]
end for
Return: UP, VPiY o [y, priv)T

Lemma (Restatement of Lemma 7). With probability at least 1 — O(T - n=19), we have
Vil <O <(R + F)F\/dk)

for alli € [n] and all t € [T] simultaneously.

Proof. The privacy guarantee directly follows from the the privacy guarantee of Gaussian mechanism
and advanced composition. In the following, we prove a high probability bound for ||V;|| . Let
B} = {(x};,y;;) : 7 € [b]} be a data batch of user ¢ sampled at iteration t as in Algorithm 1. Then
we have

Vie =

SN

b
(<x;,j7 Upvi g1 — U*0f) + Gij) Jfg,j”iT,tH
7=1
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Denote u = Uv; 441 — U*v;. Throughout the proof we condition on the event

which holds by the sub-Gaussianity of T the independence between x;’j and Uv; 441 — U™}, and

Proposition 42 with probability at least 1 — O(nb-n=1) > 1 — O(n~'2). Given event &, we have

26 log(nb),

5 o
u, ” ‘ < ||ully v/261og(nb), and ||vi¢41]l2 < ZF for all (i,7) € [n] x [b]}

5
(i j, Upvigr — U™vf) + Gy < 5 (R +1)v/26log(nb).

Meanwhile, the (p, ¢)-element of x”UthH has

& )plvi2)gl < TT/26Tog(n) 1)

for all 4, j with probability at least 1 — O(nb-n~1%) by the sub-Gaussianity of the components of

x ; and conditioning on &. Therefore, taking union bound on p, ¢, ¢ without conditioning, we have,

with probability at least 1 — O(Tdk - n~'2)
|Vitll » < 82(R + I)T'Vdk log(nb)
for all 4,¢ simultaneously. Finally, we bound 1 — O(Tdk - n='2) > 1 — O(T - n~19). O

Theorem (Restatement of Theorem 8). Algorithm 1 is (e, d)-user-level DP in the billboard model by
wa/TIOg 1/9)

setting & = for some absolute constant C > 0.

Proof. Since the computation of VPV is performed by each user independently, it is sufficient to

show that the computation of UP'Y satisfies centralized user-level DP.
Given the definition of the clipping function, for each i € [n], we have ||clip(Vit, )|l r < % which

implies that the sensitivity for each update of the U; is bounded by . By taking 6 = C ¢7VTZ)§(1/6)7
we obtain the privacy cost of each iteration t is p = O <W21/5)) under zero-concentrated differential
privacy (z-CDP, [BS16]). By the composition property of z-CDP, we obtain the total privacy cost

p= Z? 1pe =0 (ﬁ) Then, we can convert the z-CDP guarantee to DP guarantee with the

privacy parameter being p+ /pIn(1/6) ) with sufficiently small §. Therefore, the computation
of UP™Y is (¢,6)-DP and the algorithm is (e 5) DP in the billboard model. O

For the rest of our proof we condition on the event of clipping does not affect the original gradient
norm in Algorithm 1. By Lemma 7, this event has probability at least 1 — (7" - n~') for all 4,¢
simultaneously when selecting 1 = O ((R + F)F\/ﬁ).

Let vi4,...,vns be the sequence of local user parameters generated at iteration ¢ of Algorithm 1.
Define the matrix Sy, = 1 3", visv;,. Take Bj = (B ,,...,By,;) to be the sequence of batches
from of Algorithm 1 used to update U, at iteration ¢ for each user i. Assume that we re-index
the batches B}, = {(x} ;,v; ;) : j € [b]} for each i,t. Let Upy1, Piy1 be the matrices from the QR
decomposition, and

n b
zvm_nizz Vol(Us, vig, (2,0 ) € RO

the aggregated gradient, all computed in Algorithm 1. For ease of notation we also drop the iteration
index t on the data points (xg’j, y;j). Recall that 7 is the fixed stepsize for Algorithm 1.
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Lemma 28. If Py is invertible, then
dist(Urs1,U%) < 1P 2 (7 = 75w llo dist(Us, U%) + 0| Vi = Eg; [Villl2 + nllllz)
Proof. Let Ut+1 be the t-th iterate of Algorithm 1 before QR decomposition. Observe

I(U*) LT lle = 1(U*) L (Us = Vi + néo)l2
< [(U*)L(U: = 0V + nEp [Vi] — nE g [Ve]) |2 + nll& 12
< (UL (U: - nEg; [ViDll2 +nllVe — Epy [Ve]ll2 + nl[&l2

since [|(U*)]|]2 = 1. Then, since the data has covariance matrix I, and label noise ¢; ; that satisfies

EGi ] =0

n b
1 [ ko k
EB;[Vt]Z%ZZEB; ((255) " Upvi — (2] 5) TU* O} + G j)ay :t}
i=1 j=1 -
1 n b ~
== D By |2i(i;) (Urvie — U*UZ‘)UZT,J
[ ]
1 n b
= LSSy [ - U]
=1 ]—1
= LSS Gl - U]
nbz 1 =1

where the second equality holds because (z ) Uiy — (x ;J)TU*v;‘ + (5,5 is a scalar and the fourth
equality by the fact that Bj is independent of U, Vi. Hence

bzz (U L(Upi o)y — Ul bzz (U*) LUy = (U*) LU~ Zvi,tu;

i=1 j=1 =1 j=1 zl

since (U*)[U* = 0. Then, for Sy, = L 3% v; 0/,

I(U*) LU = nEgy [Ve])ll2 = (U*) LUk — 22w |2 < [ = 12w 12l (U*) LUz 2.

Hence
IO L0t llz < 1k = nEw 2 (U) LUl + nllVe = Epy, [Villz + nlléll2- (2)

Now, assuming that P;y; is invertible

1(U*) LUerall2 = (U LOi1 P 1

< 1Pl (U*) L0k 2.

So

IU*) [0l < IPZANN(U™) L Ora 2. (3)
Combining (2) and (3) finishes the proof. O
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Our proof for our main result follows from bounding the terms and factors on the right-hand
side of the inequality in Lemma 28; namely

dist(Upy1,U%) < [P 12 <||Ik —nZv;|lodist(Us, U”) + ||V — Ep; [Vi][l2 + 77H€tH2> N

The above inequality has four important components. The term ||Vy — Ep [V4][|2 is the deviation of
the aggregated gradient from its mean and hence can be bounded via concentration inequalities (see
Proposition 30) and the term ||&|2 is the magnitude of the Gaussian noise added for privacy, which
is not difficult to bound as well (see Proposition 29).

Deriving bounds on || P} [|2 and ||y — nEv, ||2dist(Uy, U*) in (4) is less obvious and require some
extra work. We can understand ||I, — nXy,||2 as a measurement of how close Xy, is to 7. So,
when || — nXy,||2 is small, the vectors vy, ..., v, are evenly distributed in R* with no bias in
any direction. For example, if vy 4, ..., v, are independent with v;; ~ N (0, n~11}) for each i, the
matrix I —n¥y, = I, — LY ", vi7tv; will concentrate around the (d x k)-dimensional zero matrix.

The quantity HP,;FIIHQ is more subtle. This quantity is a result of relating dist(U;4+1,U*) and
dist(Uz, U¥) via ||(U*)IUt+1|| as in our proof of Lemma 28. We can interpret HPtj’}le as quantifying
how far Ut—H is from having orthonormal columns. As well, we require that Ptjrll exists in general
because the principal angle has dist(M, M’) = 1 whenever rank(M) # rank(M’).

Recall that 1 is the gradient clipping parameter in Algorithm 1.

Proposition 29. For all t, we have

/dT log(n) log(1 /5))

ne

&l < O (

with probability at least 1 — O(n~1Y).

Proof. Let 6 = Yy 2T log(1.25/9) as in the statement of Theorem 8. Let o > 0. Then, by Corollary 27

ne

(3' (\/& - (\/%4_ O[)) S O'min(gt) S O-max(ft) S (3' (\/ZZ‘F (\/%"‘ Oé))
with probability at least 1 — 26", Choosing a = 1/10d logn gives us

&2 < & (\/&Jr VEk + \/m)
0 (\/& +VE+ \/W) 2T log(1.25/5)

ne

<0 (WdT log(n) 1og<1/6>>

ne

with probability at least 1 — 2~ 10¢logn, O

Proposition 30. For any t, we have

~ 2(R?2 +T2)I'2d
Hvt—EBé[vt]uggo(\/n( a ) )

with probability at least 1 — O(n~1Y).
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Proof. Let N4 and N* be Euclidean %—covers of the d and k-dimensional unit spheres, respectively.

Then, by Lemma 23 we have

4
Ve —Ep; [Vi]l2 < 3 ej\rf%ElL;}é/\/k (Vt —Ep [Vt]) b.

Now
a’ (vt ~Ep, [vt]) b

9 n b
= =3 (@], Uvie = U™00) + Gig) (a0, 5) i, B)

i=1 j=1

9 n b .
= =3 > By (], Ui = U™0)) + Gig) (.l ) (vi, )]
i=1 j=1
We condition on [|vi|lz < 2T for each i, which has probability at least 1 —O(n~'*) by Proposition 42.

Then, we have that

2 ko k k %k

s ((< i Urvie = U™07) + Gij) (a, ) (i, b) = B [((27 5, Urvie — U™0f) + Gij) (a, z,g><vmb>]>
are centered, independent sub-exponential random variables when also conditioning on U;. The
sub-exponential norm of these random variables is (%)2 M Then, given Uy, V; are independent
of B} and assuming nb > 20(d + k) log n, we get from Lemma 22

n2(R2 + FQ)FQd)

T (vt ~Eg, [vt]) b<O <\/ -

This bound holds unconditionally since v;; are bounded with

with probability at least 1 — O(n~1Y) .
probability at least 1 — O(n~'0) for each i. Thus

2(p2 2\T2
~ n4(R* +T2)I'*d
Ve —Ep; [Vi][2 <O (\/ ( ) (5)
nb
with probability at least 1 — O(n~1%) by the union bound. O]
In Lemma 9 and Theorem 10, we assume there exist ¢y, c; > 1 such that
logn . nm2
T = 5 < min )
nA c1max{A. 5, 1}(R + T)T'dvkmlog®(nm) + RT2do?;, | log(nm) ©
mF2 I%IH.X *
comax{R?, 1} - max{I'2, 1}4*kI'?log® n + R%ko2,,, , log(nm) |
This relationship between T and the problem parameters is equivalent to setting
logn
(7)

along with assuming the following two conditions on m and n
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Assumption 31. Let Fy =1 — distz(Uo, U*) > 0. We assume there exists some constant co > 1
where

- max{R? 1} - max{T?,1}y*klog®n n R%k
m > ¢
=% Elo? 2

max,*

log(nm)) T. (8)

Assumption 32. Let A5 = Ci”log(:'%/é) for some constant C' > 0 and Ey = 1 — dist?(Uy, U*).

For the user count n, we assume, for some constant c; > 1

n> e (max {Ac 5,1} (R +T) Tdvklog?(nm) N R2F2dlog(nm)> T (9)

E2N2 m

Our Assumptions 31 and 32 are used repeatedly throughout Appendix B. These conditions are
easily leveraged as individual assumptions on m and n, unlike the upper bound on 7'. Including the
equality (7) allows us to contain all required conditions on T, m, and n to one convenient setting.

Lemma 33. Let Ey = 1 — dist?>(Up, U*) and ¢ = O ((R +D)I'v dk’). Suppose Assumption 31 and
32 hold. Then, for any iteration t, we have that Pi1q is invertible and

1
o2 Ep\ ?
1Pl < (1 - e
v2logn
with probability at least 1 — O(n~1Y).

The proof of Lemma 33 is deferred to Appendix B.3.

Lemma 34. Letn < 20%, n>e8, By =1—dist?(Uy, U*), and ¢ = 9] ((R + F)dek). Suppose

max,*

Assumptions 81 and 32 hold along with T = 77370#' Then, for all t, we have

min,*

2
. N9 mi *EO
||Pt+11”2||lks =3y ll2 < W

with probability at least 1 — O(n~1Y).

Proof. We will show that

2
1 no-min,*EO
1k — nEv;ll2 < 1 noy, (\/ﬁVi> < (1 - 4>

with high probability for each ¢. Then selecting n > €® and using Lemma 33 implies the product
HPt:_llH2||Ik — nXy, |2 satisfies the lemma statement.

Note that Xy, = %V}TV} = %Z?:l Ui,tUiT,t and define opiny, = Omin (ﬁ%) Given V; =
V*(U*)TU; — F by Lemma 39 and V* and (U*)TU are full rank, we have

e ()7 e ()
> Omin <\/15V*> Omin <(U*)TUt) — Omax <\/15F>
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Now, via the argument of Lemma 39, we have, with probability at least 1 — O(n 1)
1 iz 26 R? log(nb)
R < 2k . 070 P\

Umax<\/ﬁ ) S 1o e T TA %

for 7, = cﬂ/%. Recall that v = % and v = —L Then, there exists a constant ¢ > 0

Omax,*

(10)

such that, by Assumption 31 with cq > 16¢2, we have

VTE o <eé E(%o-?nax,* Umax,*EO Umin,*EO (11)
1—7p 1% = coytlogn ~ 4 vlogn ~ 4/logn
and
26R2 IOg(nb) < @ Ego—?nax,* Umax*EO Umin,*EO (12)
(I—=7m)%0 = "\ covtklogn = 4,/4%klogn ~ 4vlogn

max{R2,1}~maX{F2,1}'\/4k10g2n) T and ¥ >1

since ™m > ¢y < EZ02..
max,

Furthermore

owin ((U7)T0L) > /1= (U TUIR = V1 = dist?(Uy, U*)
Therefore, we obtain

1 1
Omin,V; = Omin (\/ﬁV*> Omin ((U*)TUt) — Omax (\/ﬁF>
Eo
2 Omin, 1*d"t2U7U* .,
> Omin, (\/ ist“(Ug, U*) 2\/@)

with probability at least 1 — O(n~'°). Thus

B\’
2 2 Tt 2 *) _ 0
L= noqiny, < 1= N0« <\/1 — dist*(Uy, U¥) 5 logn> : (13)

Claim 1: We have
1 = nEvillz < 1= 0oy,
with probability at least 1 — O(n~10).

We prove Claim 1 by showing 2021 < , which implies

2
2 2
g +O—min,Vt

max, Vg
[k — nZv,[l2 < max{|1 - 77012nax,vt|a 11— 170-I2nin7‘/t|} <1l- 77012111117\/,5'
First, we reuse
1 UTk 26 R? log(nb)
—F) <" o SO eV
Omax <\/ﬁ ) =71 Tkgma T (1 — Tk)2b

as in (10). By Lemma 39 and the triangle inequality along with the submultiplicativity of the

spectral norm
1
Omax,V; — Omax <\/ﬁ‘/t>
1 * *\ T 1
< Omax %V (U) Ut | + Omax %F
1
< Omax,x T Omax <F> .

NG
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So )
Omin,V; < Omax,« T Omax <F> . (14)

NG

By (11) and (12), we have

1 Omax,*
(—=F) < Tmax,
o (ﬁ > 2

2 2
Umin,\/} S 2Umax *

+ o2
with the required probability. This proves Claim 1.

and thus via (14)

This gives us s—— <

QUmax,* -

Since O’min Vi < Omax,v;, by definition, we have o2 < 402

—= , min,V; max,*

max,V;

0.2 +2

max, V¢ min, V¢

Next, we will prove the following claim using induction.

Claim 2: Let a = 5T\/l§g(nm) — 25T2101g(nm). We have \/1 — distQ(Ut, U+ > m for
each iteration ¢ € [T.

Base case: when t = 0, the inequality \/1 — dist?(Up, U*) > /Ey is clearly true since Ey =
1 — dist?(Up, U*).

Inductive hypothesis: we assume \/1 — (U9 T3 > /(1 — ta)Ey for some t € [T].

Inductive Step: note taw < & for any ¢ € [T]. Our assumption on \/1 — [(U*) [ U413, (13), and

assuming n > e imply

Ey \?
O'I?nin,\/} > Ulznin,* (\/ (1 —ta)Ey — W) . (15)

1 , Weyl’s inequality and (15) give us

2 = 2 o2
ZUmaxa* amax,Vf+ min Vt

Now, since n <

Eo \°
1 = nZwill2 < 1= 102y, s1—na?nm,*( (1= to)F _2\/@> |

By Lemma 33

N

) _
- "0 min *EO
P, < 1 - 2

with probability at least 1 — O(n~1?). This event is a superset of the probabilistic bounds from

earlier in this lemma.
Then

L
) Vel < (1 T2
Ltz = 2logn

5 ( n(R+TTdVE - [iP(R2 + r?)r%z)

D=

2
(1 - (\/<1 ) By - w%) ) TeawAr

ne nb
(16)
with probability at least 1 — O(n~1°). Assuming n > eEO/(ﬁ_1/2)2, we have

2
1- 770-r2nin,* <\/ (1 - ta)EO - ) <1- 77012nin,* (\/ E0/2 -

Ey Ey \? <1_ N0 i, 0
2/Togn 2y/Togn 4 '
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As well, if n > €8, we have

1
2 2 2
N0 min *EO 2 EO
] mine T 1— o2, 1—ta)By— ———
( PTloon logn ) ( namm,* ( ( a) 0 9 ’;logn

Ey \?
1—n02i. | VFEo/2 -
namln,*( 0/ 2\/@) )

_1
1— nalgnin,*EO 2 1— namin,*EO
- 4 4
_ 1 namin,*EO
4

We now use the lower bound assumptions of the user count n and data sample count m. Recall
the exact statements of Assumption 31 and 32. That is, there exist cg,c; > 1 such that

max{RZ%, 1} -max{I2, 1}v*klog’n RZk
mZCo( X }Eg);{ 17 klog + T log(nm) | T
Oamax,*

and

2 272
> e max {A, 5,1} (R + T') Tdvk log?(nm) LR dlog(nm) \ .
E2\? m

The problem parameters that lower bound m,n now come into use during this proof. Furthermore,
recall that by Assumption 4 we know some A > 0 such that A < oyin «. Then, by Assumptions 31
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and 32 along with n > ¢® and T = 1282 there exists a constant é > 0 such that

T]/\Qy
102+ E0 :
1(U*) [Uss1ll2 < (1 - 4> 1(U*) LUl
_1
Lo | %m0\ " n(R+T)Idy/Tklog(1/8) log(nb)
V2Iogn ne
_1
41 10 im0 2\/772(R2+F2)F2d10gn
V2Iogn nb

=

IN

<1 mln* 0)
+\/n2 (R2 4+ T2) r2dlog(nm)>

(U TGl 40 (n(R + I')['d+/Tklog(1/5) log(nb)

1
T B0\ NE2VT
1- ) U TU 2 + 0 [ L0V =

<
1T log(nm)
cocy max{R? 1} - max{I'?, 1}74k2T2 log(nm) log2 n
1
2 2
o E N
<[1- 10 min + 0 ”(U*)TUtHQ—‘rO famln
4 c1T+/log(nm)
N Ein(R+T)lo2,, . logn
cpcy max{R? 1} - max{I'?, 1}74k2T2 log(nm) log?n
1
2 2 4
N0 min 20 X eER E
=|1- =" U102 + : p—
4 c1yT+/log(nm) coc1v*kz2T?log(nm)logn
(17)
since n < 5 2 and A < opin«.Recall that v,k > 1. Using the choice of cg,¢; > 10¢ in (17), we
have
I(U*) LUell2 < {1 Pnins ) I(U*) LUz +
t+1l2 < (1 = ——F—— tl2
+ 4 + 10'yT\/log nm) 10074k2T2 log(nm) logn
E2
< (U 1Ul2 + ——2—.
") L0+ o —
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Thus, given Fy <1

bor > ’
5T'\/log(nm)

* 2E2||<U*>TUt||2 B}
=1 W) o3 - ZEOR e %0

5T 4 /log nm 25T210g(nm)
1
5T\/log nm) o572 log(nm) |

Then, by our assumptions that \/1 — |(U*) [ U413 > /(1 — ta) Eg, we have

1= [[(U)[Uesill3 > 1 - <||(U*)IUtH2 +

> 1 [|(U") U5 ~

L= [[(U*) LU ll3 = 1 = [(U") LUes1[I3 — @B = (1 — ta) By — By = (1 = (t + 1)) Ep.

Thus, by inductive hypothesis

uin ((U%)T00) 2 1 = dist?(0, U) = /(T — ta) o

for any ¢t > 0. This proves Claim 2.

Observe that to < Ta = T22% log(nm)+1

T log(nm) < % for all ¢t. Using this, Claim 2 implies

oin ((U%)07) V1= dist2(U,, U%) > /T —ta)Bo > VEo/2 (18)

for each t > 0. Via (18) and n > €% along with n < 2027

2
— no_ . *E()
||Pt+11”2||fks_ﬁzvt”2 < %
with probability at least 1 — O(n~'°) for any ¢ € [T'— 1]. This proves the lemma. O

Lemma (Restatement of Lemma 9). Let n < 20% Suppose 1 — dist?(Uy, U*) > ¢ for some

constant ¢ > 0. Set the clipping parameter 1) = 5((R—|—F)F\/dk>, Assume T = 1?5\2" =

A 3 nm)\2 FQ r2nax * -
O<mm <max{A6 s TR Tdvkm+ R2T2do?, " max{ R2, 1 fmax {02, R R2 oz, )) and Assumptions 5
and 6 hold for all user data. Set & as in Theorem 8 and batch size b= |m/2T|. Then, UP"Y, the
first output of Algorithm 1, satisfies

. C O'2~
diSt(Uprlv,U*) S (1_ 77 4Inln,*

with probability at least 1 — O(T - n~10).

N

2 4
TLGUmm * nmamin,*

st (U, U") + O ((R +DOLAVAT | [(7 + r?)r%zT)
05

Proof. By Lemma 28

IT*) LUall2 < 1 PA1 12 (HIk ;2| (U*) LUl2 + 0| Ve — By [Vi] 2 + 77H§t\|2> - (19)
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We must bound all three terms on the right-hand side of (19). Combining (19) and Proposition 30

. _ . ~ 2(R2+T12)1I"2d
1) Vsl < 15331 (\uk—nzmmrw >IUt|rz+o(\/"( . )+nl!§t\2> (20)

with probability at least 1 — O(n~1?). Combining our choice of 1) with Proposition 29, via the union
bound

. B . ~((R+T)TdVET  [2(R® +T2)T2d
W) LOralls < 1234 <ka—772v;\le(U >1Utuz+0< W DIRIVRT i D)

(21)
for all ¢ € [T — 1] simultaneously with probability at least 1 — O(T - n~19).
To bound the right-hand side of the above inequality, we need to bound HPt:_llHQ By Lemma 33,
_1
\v2logn
simultaneously, where the last equality follows from the fact that n < 2omlax -, By <1, and logn > 1

(assuming, without loss of generality, that n > 2). Further, by Lemma 33

1
2 2
. N0 nin,« L0 . ~ (n(R+TD)LdVET 2(R2 +12)I'2d
I(U*) LUsallz < (1—4’> (U T Ul2 + O <n( n)e +\/n ( - ) )

2 2
with probability at least 1 — O(T - n~!?), we have HPtjrlng < <1 - ng’“”‘*EO) = O(1) for all ¢

(22)
for all ¢ simultaneously with probability at least 1 — O(T - n=19).

Now, what remains is to obtain the tightest possible bound on the recursion from Lemma 22
via the summation of a geometric sum. Since dist(U*,U;) = |[(U*)[U|l2 < 1, we have, for all ¢
simultaneously

dist(U*, Upy1)

1
Toin B0\ ~ I)TdVET 2(R2 + T2)I2d
< (1 _ 1min0 0) dist(U*, Uy) + O <77(R+ ) + \/77 (& Z ) )

ne b

ne b

t

T-1 2 2
~ O tmin,« £ DTdVkT 2(R2 + T2)I'2d
5 (1_77 , 0) <17(R+ )T'd +\/77 (R;: ) )

13

o2 Fp\ 2
< (1 - 77‘“4“0> dist(U*, Uy)

5 1 (n(R+ DLdvAT | \/772(1%2 + r?)r%z)
1- \/1 — N0 Eo/4 ne nb
T
enoli o\ 2 ~ ((R+T)TdVkT R2 + T2)I'2d
< (1w dist (U™, Up) + O ik )2 + ( +4 )
4 neamin7* nbamin,*

with probability at least 1—O(T-n~19), given that \/171 < 2z for any x > 1 and since there exists
1—/1-1

¢ > 0 such that Ey > c. Selecting batch size b = |m /21| completes the proof of the lemma. O
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Lemma 35 (Adaptation of Theorem 4.2 [JRS+21]). Let X be a matriz with rows sampled from D;
and i the vector of its labels generated according to Assumptign 6. Suppose that (x,y) with x ~ D;
1s a data point independent of X with label vector y. Take U to be any matriz with orthonormal

columns and v € argmin,|[v' UTX — 7||3. Then
R%k
o

E [E(Q_]a U7 ('%3/)) - K('U*, U*a (.QZ, y))] < FZH(UUT - I)U*H% +

Proof. Assume that X ~ D!" is a data matrix with label vector ¥ generated as in Assumption 6

using noise vector 5 ~ SG(R?)™. Let x ~ D; be a data point that is independent of X. By definition
of our loss function ¢ and data generation method

Eyop, ¢ (v, U, (2,y))] = Exup, [(:UTUU — U + C)z}
= (Uv=U*v*) Epup, [mc—r} (Uv — U*v*) + E[¢F]
= |Uv = U*v*||; + EI¢?]
for any fixed U € R¥* v € R¥. Since v € argmin, ||v"UT X —4||3 we have v = (UTXXTU)_1 Ut Xy,

where this inverse exists by our assumption that k¥ << m. Then

E||00-vmor[3] =E |||T (UTXXTU>71 0" xg— o]

2

—E||0 (UTXXTU>71 UTXXTU* — Ut + T <UTXXTU)71 0T x{] 2]
L 2

M 2] R2%k
<E||00U"U*v* — U*v* ] + ==
2 m

2 R%
_l’_ -
2 m
_ 2 2
< P2H(UUT _nue|[ + £
2 m

_[pomvne o

where the first inequality follows from the fact that (U TXXTU )71 UTXXTU =1 implies U" =

(U TXX'U )_1 UTXXT by orthonormality of the columns of U and the expected mean square
estimation error of sub-Gaussian noise. Combining our two inequalities with E [¢(v*, U*, (x,y))] =
E[¢?] completes the proof. O

Theorem (Restatement of Theorem 10). Suppose all conditions of Lemma 9 hold with n = ﬁ,
T=06 (%), and that Assumption 4 holds as well. Then, UP'Y and VPV, the outputs of
Algorithm 1, satisfy . .

L(Upl‘lV’ VpI‘lV; D) _ L(U*, V*, D)

~ <(32 +IOMAPE (R r2)r4A2d>

<0
— 2.2 .4 2 4 2
n-e Umin,*)\ nmamin,*)\

R

m
with probability at least 1 — O(T - n~19). Furthermore, Algorithm 1 is (e, 0)-user-level DP.
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: 1
Proof. Via Lemma 9 and n < 5—>—

max,*

(Sl

1 dist(Up, U™) + O 5 1

neamin,* min,*

: NOmins | ~ 0)TdvkT 2 4 T2)12dT
st (UM, U < (1 e m> <<R+ JPAVAT | [(R2+T2)
nmo
with probability at least 1 — O(T - n~*°). Note that dist(Up, U*) = ||(UrU; — I)U*||,. Applying

Lemma 35 and plugging our choice of T in this bound finishes the proof. O

Theorem 36. (Theorem 4 [TJJ21]) Given a new user with a dataset Spi1 of size ma whose
elements sampled from distribution Dy 41 where assumptions 6 and 5 hold with ||v}; || < T. Then if

dist(UP"Y, U*) < 6 and ma > klogma, let vsi‘{ = argmin, gk L(UP™Y v; 8,41), then we have

N ) R2k
00— U P < 0 (T2 + BE)
m2

with probability at least 1 — O(my %)

Corollary (Restatement of Corollary 11). Suppose all conditions of Theorem 10 hold. Consider
a new client with a dataset Spy1 ~ DI, where Assumptions 5 and 6 hold with ||v}, {|ls <T. Let

UP™Y be the output of Algorithm 1 and Uzi‘i = argmin,cgr L(UP™Y, v; S,41), if m' 2 klogm!. We
have

L(Upm7 ’Uzivﬁ Dpy1) — L(U*, vpy15 D)
~<(R2 FIONPE (R D)0 R2k>

<0
- n?e2oy, N nmog ;. A2 m/
with probability at least 1 — O(T - n =10 4 m/~100),
Proof. From the proof in Lemma 35, we have
LUP™, 03 Dusr) = LU, 05413 Dua) < U040 = UP0Rt | + ] — Bl
= U v = UPORE P

Then by Lemma 9 and our choice of T', we obtain

neo? nmo. A2

. ~ 2 2\T2 2
dist (U7, U%) < O ((R+F)FdA\/E L [@ 4 T2r2aA )

min,* min,*

Then we plug the bound of dist(UP"Y, U*) into Theorem 36, and obtain

LEUP™ 85D 1) = LU, 35 Dyt) < U705 — UP 032

» Un4+1 n+1
<H (R + T2)IMA%d%k N (R + T2)IMA%d N R%k
- n?elog; N nmog ., N2 mo |

O
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B.2 Private initialization results

Theorem 37 (Theorem 2.1 [DFH22|). Let M, M € R4 be symmetric matrices. Suppose p € [k]
for k a positive integer with k < d. Denote by A, the p-th largest eigenvalue of M. Let A, A be
matrices with columns the top-k eigenvectors of M, M, respectively. Then, A — A1 > 0 implies

2||M — M|

dist(A, A) < .
(4,4) Ak — Akt1
2||M— M|l

2HM_MH2 <
Ak—Akt1 1.

T A=Al —
2|M—M||2
A —Ak41

Proof. The theorem holds trivially when > 1. So, we focus on the case

Let 5\p be the p-th largest eigenvalue of M. By Weyl’s inequality and <1, we have

Ak — kg1

Mot — M1 < |M — M2 < 5

This and the assumption Ay — Ag11 > 0 imply

Ak — Ayt

N1 — Nog1 > > 0. (23)

By the Davis-Kahan theorem [Ste90]

2(|M — M|

HAIAM <
k— Akl

Combining (23) and (24) along with ||A] Al|s = dist(A, A) finishes the proof. O

We use a slight adaptation of Theorem L.1 from [DFH+22]. The statement of the result below is
different from the original result by a single step. This step is where the authors use the Davis-Kahan
theorem to obtain a bound on the principal angle. We instead state their Theorem L.1 before
applying Davis-Kahan for use in our private initialization guarantee.

Theorem 38 (Adaptation of Theorem L.1 [DFH+22|). Let S = (Si,...,5,) be a sequence of
datasets where S; = {(2i1,Yi,1),- - (Tim/2: Yim/2)} are sampled according to Assumptions 5 and
6;f0'r each i € [n]|. Define Z; = ijl’jQE[m/Q}:jl¢j2 yi,jlyz‘,hl‘i,jl%;’rjy Z = %Z?:l Zi, and
Z =151 E[Z]. Then, we have

R2+4+T?)'%d
mn

1Z-Z|2<0 <1Og3(nd) (
with probability at least 1 — O(n~1Y).

Lemma (Restatement of Lemma 12). SupposeNthat Assumptions 5 and 6 hold. Let Uiy be the
output of Algorithm 2. Then, by setting iy = O((R? +T2)d), we have

2 4

najmin,* mnamin,*

~ [ (R? +T?)d%? 2 1 T2)12d
dist(Uinit, U*) < O <(R 1) + {17
with probability at least 1 — O(n=19). Furthermore, Algorithm 2 is (e,8) user-level DP.

34



Algorithm 2 Private Initialization for Private FedRep

Require: S; = {(zi1,¥i,1),- -+, (Tim/2,Yim/2)} data for users i € [n], privacy parameters ¢, d,
clipping bound iy, rank k

. Yinit/log (22
Lot Gue #

Let &nit = N0, 62,;,)
for Clients i € [n] in parallel do
2 T
Send Z; < T m=T) Zjﬁéjz Yi,j1 Yi,ja Tiji &, 4, tO server
end for
Server aggregates Z; and add noise for privatization

U LA
Z == clip(Zi,Yinit) + &t
=1

7: Server computes R
Uit DU, < rank-k-SVD(Z)

init

8: Return: Uit

Proof. The privacy guarantee follows directly from the guarantee of Gaussian mechanism. For our
utility guarantee, we condition on the event

5:@%ﬂgmw+memm»

.%‘Zj) <0 (\/log dmn) for all (z,7,p) € [n] x [m] x [d] Simultaneously}

where xﬁ ; represents the p-th entry of z; ;. The condition £ holds with probability at least 1 —0(n=19).

Conditioning on event £, we obtain
|1Zil| < O ((R* +T?)d)

and the clipping will not change the gradient norm. Let Z = %Z?:l Zi, Z = %Z?:l E[Z;]. Via
Corollary 27 and the fact that the clipping does not affect the bound, we have

. . R? + T%)d3%/2,/log nlog?(dmn
1Z = Z[l2 = [|&nitll2 < O (ﬁainit> =0 <( ) g log” (dmn) (25)
ne
with probability at least 1 — 2¢—10logn,
By Theorem 38, we have
_ R2 +T2)I"2d
1Z-Z]p<0 <1og3(nd) (+)> (26)
mn
with probability over 1 — O(n~1%). Therefore, by (25) and (26), we have
1Z = Zl2 < 1Z = Zl2 + 1Z = Z|
2 2\ 73/2 2 2 2\T2 27
<0 ((R +T2)d \n/log mlog’(dmn) 1 s [ j:nrn)r d) (27)
€
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with probability at least 1 — O(n~19) via the union bound. Finally, using Theorem 37 and the fact
that Z = 1 5°" (U*v})(U*v}) T with (27), we obtain

20012 — Z
diSt(Uinit,U*) S M
Umin,*
R? +12)d3/2,/Tog n log?(d R2 +T2)I'2d
SO(( + DV Iognlog?(dmn) oo g (2 +T2)
neamin,* mnamin,*

with probability at least 1 — O(n~10).

B.3 Auxiliary lemmas

The results of this section include multiple adaptations of those from [CHM+21] such as Lemma 43
and Lemma 33. Our proofs, when they are adaptations, are substantially more complex due to the
addition of label noise and differential privacy to design Private FedRep (Algorithm 1).

This section has the following structure. We first characterize the solution of the local minimization
step of Algorithm 1 in Lemma 39. Next, we introduce in Proposition 40 terms quantifying the label
noise terms that periodically appear throughout our proofs. Using this proposition, we give a bound
on the error from estimating v, ..., v} incurred during the local minimization step of Algorithm 1
in Lemma 41. Using similar methods, in Lemma 43 we bound the spectral distance of the linear
operator that defines the gradient step of Algorithm 1 from the identity operator. Finally, using
all of these intermediate results allows us to prove Lemma 33, a key lemma in our main proof of
Section B.1.

Take Z;,7Z; to be the index sets of our batches in Algorithm 1. Let B;; = {(zij,%i;) : J € It}
and B, = {(z} ;,v; ;) : 7 € Z;}. We omit iterations ¢ on our quantltles for ease of notation. Further,
we reindex the elements of th,th to Biy = {(wi,9i5) : j € [b]} and B, = {(z};,9; ;) : 7 € [b]}.

Let A;; = e;x Z],A’ = e for each (i,7) € [n] x Z;. Define A : R™*¢ — R™ where A(M) =
((Aij, M)p )(w) ejn)xT; for all matrlces M € R™4. We analogously define the operator A’ with
respect to the matrices A;J.

Denote (A')T : R — R™*? the adjoint operator of A’ defined as (A')T(M) = >, Z;’ (A7,
In this sense (A)TA: R"*? — R"*9 is a single operator. Furthermore, recall that & ~ N(0,5%)%
and choose 6 = O (W). Define the following recursion from Algorithm 1.

M)A, ;.
xk

Algorithm 1 recursion

12
Vig1 < arg mln—HA (V*UHT =V(U)T) +¢
VeRnxk N0 2

Ouss & U= 2 (AN AT @) = V@) Vass (28)

—

B %VMA’(WH(UQT), )+ e

Ui1, Pry1 + QR(Ups1).

We will now state a theorem that gives an analytic form for V1. Suppose p,q € [d]. Let ug 4, u
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be the ¢-th column of U;, U*, respectively. Define

Gpq = i ZZ ( Jupﬂfuqt )T) € R™"

lel

Cpq = b ZZ ( ijUp,t(u (Ai,j)T> e R (29)

=1 j=1
* nxn
Dy q = <“p,tauq>Ian eER

9 n b
Wp = g Z ZQJAZ'JUPJ € R".
i=1 j=1

Take G,C, D to be nk x nk block matrices with blocks G, 4,C) 4, Cpq and W an nk-dimensional
vector created by concatenating W, for each p € [k]. Denote v* = Vec(V*), a column vector of
dimension nk.

For the following lemma we define

F=[(GY(GD -0 +W))i...(G H(GD — C)o* + W));] € R™** (30)

where (G7Y((GD — C)v* + W)),, is the p-th n-dimensional block of the nk-dimensional vector
G Y(GD - O)v* + W),

Lemma 39. The matrix Vi1 satisfies
Vigr =V*U'U, - F
at each iteration t + 1 for the error matriz F € R™*k,

Proof. Note that V41 minimizes the function F(V,U;) = = HA (V*( U*) V(Ut )+ CH2 and so

Vo, F'(Viy1,Uz) = 0 for v, the p-th column of V' for each p € [k]. Recall our definition of A; ; = e,xzj
for e; the i-th n-dimensional standard basis vector. Given that

2 2
[av @)™ = v +¢| = [Jav @) v, + 2040 @) = Vo)), ¢ + I3
we have for uy; the g-th column of Uy

0= Vo, F(Vir1, Up)

kK n b
2 * * 4 * *
= =33 (g Ai) T = () (Aig) "5 ) At + 5V LAV (U = Vi (U)), 0.

q=1i=1 j=1
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Let (M), be the p-th column of a matrix M. Then

Vo, (AVH(U) T = Vi1 (U) 1), ¢) = =V, (A(Vag1(Un) 1), €)
= —Vu, (A, Vier (U) ") F) i jy ey 2o €)
=V, >, Gi(Aig Vi (U)r

(,3)€[n] x [b]

Z—V»up< Z Ci,in,j,‘/t+1(Ut)T>
(4.9)

1,J)E€[n] X [b]

Zvup< Z Ci,in,jUt,W+1>

(i,4)€ln]x[b]

= ( Z Cz‘,jAz‘,jUt)
(G.)elm)x .

.

F

F

the p-th column of the matrix — Z(i,j)e[n]x[b] GijAi Ut € R™**_ Hence

n b

k k n b n b
% > <Ai,jup,tu;t(Ai,j)T> Vg i1 = % 3 (Ai,jup,t(UZ)T(Ai,j)T) v;“r% DD GijAijupy.
g=1i=1 j=1

g=11=1 j=1 i=1 j=1
Then, for U441 = (UIT,H—I’ . ,va’t_H)T eR™ and v* = ((v])7,...,(v;)T) " € R"™ we have
Vi1 =G IC@ +W)=Dv* -G (GD - O)7* + W)

conditioned on the event that G~! exists. We denote F' = [(G~*((GD—C)v*+W));1 ... (G71((GD -
CYo* + W))k] € Rk where (G~1((GD — C)v* + W)),, is the p-th n-th dimensional block of
the nk-dimensional vector G™1((GD — C)v* + W). Recalling the definition of D, we have that
Vie1 = V*(UHTU, — F. O

In order to evaluate the final bounds with label noise included we must bound the following
terms

—

STAV ) ),

and
1 —

%VMA(V{:H U)"),0)

in spectral norm.

Proposition 40. With probability 1 — O(n~'), we have

—

W) |preiaia@ g

26 R?n log(nb)
9 b

Furthermore, with probability at least 1 — O(n~'0), we have

—

ivU<.A(Vt+1(Ut)T)7 ¢)

2 |

- 4\/2 -15R2T2dlog n

2_§ nb
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Proof. Claim 1: With probability 1 — e 11108(") we have

—

1VV<A(V%+1(U7&)T)a )

H 26 R2n log(nb)
3 —_—

9 b

Note that for any given p € [n] and ¢ € [k]

(v eatia@in.a) = (ovites]; i WD ersm. O

) p,q

1
=13 > GaiVvle; Vi (U) e )

(i-9)€ln] x [m)] b

1
=13 Z Cz,ng(<€z$ Ut, Vir1) ) (i)

(i.9)€ln] x [ i,

1
=13 Z Ci,jeiZEZjUt

(65)€ln]x[m]

p.q

—

b
g E D,J 5”19,]7“(1,

for ug+ the g-th column of U;. Observe that (, ; is independent of both z;, ; and g for all j € [m].
Condition on the event

E ={|Gi;| < R+\/261log(nb) for all (i,7) € [n] x [m]}

which has probability at least 1 —e~131°8("0)  Via this conditioning the random variable Cpj{Tp.js Ug,t)

is R+/26 log(nb)-sub-Gaussian given that (z, ;, uq;) is 1-sub-Gaussian. Note as well ¢, j(zp ;, ug.t)

. . . : 26R2 log(nb
is mean zero and independent for each j. So, %2221 Cpj{Tp,j, ugy) is centered, 6P”Tog(n)—sub—

Gaussian, and independent for every p.

2
Let 5% be the variance of § 23:1 Cpj{Tpj, ugt), whichhas 7 < 4/ %fg(nb). Then, (% 22:1 CilTp s, uq7t>)

has covariance matrix I. By the one-sided version of Theorem 26

qelk

s (=T AV @) ).0)) £ 0 (Vi + Vit w)

—a?

with probability at least 1 — e~*". Multiplying through by & and setting o = y/n, we have

—

|| < 26 R%nlog(nb)

Hivvm(ml(Ut)T)’ , b

with probability at least 1 — e~ conditioned on the event £. So, in general

—

> 26 R?n log(nb)

HiVy(A(VZ—H(Ut)T)’ L b

-n __ e—l2log(nb) >1-— e—lllog(nb)

with probability at least 1 — e . This proves our first claim.
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Claim 2: With probability at least 1 — O(n~19), we have

1 S 4\/2-15R2F2dlogn
_ < = .
|50 <3y
Note that
1 _,
%V v AV (U) 1), &) = < ZCz’,in,j,VtH(Ut)T>
=1 j=1 F
< ZZC’LJ Vr&—f—l 7]7(Ut)—|—>
i=1 j=1 F
= < ZZCz] zy ‘/;5+17Ut>
=1 j=1
1 n b
%ZZC ) Vi1
=1 j=1

Observe that since (4;;) is a matrix with one non-zero column x} ;, we have (Aij) Vg1 =
:c; j(U@Hl)T where v; 411 is the i-th row of Vi 1. Let N9 and N* be Euclidean i—covers of the d and

k-dimensional unit spheres, respectively. Then, by Lemma 23

n b n b
% Z Z Gij(Aij) Vi || = % Z Z Gij @) (Vigs1)

=1 j=1 =1 j=1

? 2
4 1 n b
T , T
3 aeNd beN*k nb Z Z Gijri j(Vit+1)
i=1 j=1
4
3 aGNd bENk nb ;JZ;C-LJ ) Z] Z,t+1, >

Let [[vis41]l2 < 2T for all i with probability at least 1 — O(n~'%) via Proposition 42. As well, we
condition on the event

)
&= {Hvi,t+1H2 < ZF for all ¢ simultaneously}

which has probability P[£] > 1 — O(n™1!3).
Since [(viz41,b)| < 22T by Cauchy-Schwarz, the random variable (; j(a, x; ;) (vit+1,b) is sub-
exponential. Furthermore the variable bCZ jla,x} Y (vit41,b) has sub-exponential norm bounded by

it W)
%i’ﬁr < 2RF and is mean zero. Following from Lemma 22 conditioned on £ and for nb > 15dlogn,
we have
4 [2-15R?T"2dlogn
S S Gl g, b < T

=1 j=1
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with probability at least 1 — e~ 124198 Via the union bound over N4, N*

4
ZZCZJ i) Vig Sgae/\/dbe\ﬂvnbzz@’] 5 1) (Vigy1, )

1—1]1 =1 j=1

< 4\/2 15R?T2dlog n
3 nb
with probability at least 1 — 9¢+ke—15dlogn > 1 _ o—10dlogn et E be the event
1 b 4 2'15R2F2dlogn

i=1 j=1 )

Applying the fact that P[E¢] < P[E¢|E] + P[] < e10410en 1 O(n~13) = O(n~10) finishes the second
claim. .

Recall the following definitions given prior to Lemma 39 where A; ; = e;x; ;. Denote

n b
1 nxn
Gpq = i Z Z <Ai,jup,t“;t<Ai,j)T> € R™*

i=1 j—l
Cpg = b ;; ( i, Up,t (Ai,j)T) e R™" (31)

Z>In><n c Rnxn

n b
Wp = %Z ZQ’in,jup,t e R™

i=1 j=1

Dyq = (upt,u

Take G, C, D to be nk x nk block matrices with blocks G}, 4,C} 4, Cpq and W an nk-dimensional
vector created by concatenating W, for each p € [k]. Let G, C*, D' be the k x k matrices formed by
taking the i-th diagonal element from each G, 4, Cy 4, D). 4, respectively.

Lemma 41. Let 7, = ¢ 35’“% for some ¢ > 0. Then
_ 1
W) 6 <
with probability at least 1 — O(n~13).
Furthermore,
iz 26 R?nk log(nb)

(@) WPl < IV llodist(U:, U7) + \/

(1 —7%)2%b
with probability at least 1 — O(n~11).

Proof. Claim 1: We have

IG™H2 <
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with probability at least 1 — e~ 13klogn
Let a be a normalized vector in nk dimensions. Define a € R* to be the sub-vector of a
constructed by choosing each ((p — 1)n 4 i)-th component for p =1,... k. Observe that

Omin(G) = min a' Ga
a:||all2=1
n
. il i i
= min at Gla

: =1
a:llallz=1 <

> m[n} Omin(GY).

i€ln

Let I = } Z?:I JUUZE,TJ By our definition below (31), we have G* = U, IT'U;. Note that %ijm

is ib—sub—Gaussian and independent for each ,j. Assume b > k. Then, using a one-sided form of
Theorem 26, there exists a constant ¢, > 0 where

' k

with probability at least 1 — e~ Setting o = v/14klogn gives us
O'min(Gi) >1—7
with probability 1 — e~141%8" for 7, as in the lemma statement. Via the union bound over i € [n]

Jmin(GY) >1-—1

with probability at least 1 — e~ 13Flogn,
Claim 2: We have
VT . . 26 R?nk log(nb)
Fl, < V*|odist (U, U
1Pl < 72 [V adist (U >+\/ T
with probability at least 1 — 2e~13klogn _ g—11log(nb)

The proof follows from bounding H® = GC? — D for each i € [n] in spectral norm with Lemma 22
and exploiting the definition of our parameter v = w

Let X; be the design matrix for x;1,...,2;5. Note that, by the definitions below (31), we have

Omax,*

y ) . ) 1
G'D' - C' = (Uy) "I'U(Uy) U* — U 'IT'U* = E(Ut)TXZ»TXi(Ut(Ut)T — I)U*.

Then

I(GD — C)Vee(V)|l3 =D IIH (v]) I3

=1

n
< > I B)97 113
i=1

1/2 " ;
< ZIIV*H%ZHHZII%-
i=1
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and so
2 n
* v * 7
I(GD = C)Vee(V)I3 < Ve8I (3)

=1

We now bound each H* using concentration inequalities. Define A = %Xi Usand B = iin(Ut(Ut)T—

I;)U*. We denote the rows of A and B with a;; = %(Ut)Txi,j and b; j = ﬁU*(Ut(Ut)T — 1)z, j,

respectively. Note that, for N* a Euclidean %—cover of the unit sphere in k& dimensions, we have

IBTAl, <2 max u' BT Au/
u,u’ ENF

b
=2 max u' E bijaZT o
uu’ENk ’ 5J
) ]:1
b

=2 ui??f@k < (u, bij)(aij,u )

via Lemma 23. Now, fix some (u,u’) € N* x N*. Then, a;; = ﬁ(Ut)Tl"z’,j and b;; =

%U*(Ut(Ut)T — Ig)zij. So, (u,a;j) is %\/E—sub—Gaussian and (b;j,u) is %\/Bdist(Ut,U*)—sub—

Gaussian. This means their product is %dist(Ut, U*)-sub-exponential.
Now, from Lemma 22, there exists ¢/ > 0 such that

b

P[|H|5>2s] <P | max > (u,b;j){aij,u) >s

uu €N j=1

2
_ : S S
¢ bmm(zAs)dist?(Ut,U*) ?1.6dist(Ut,U™) )

< 92ke

Let 7 >0 Satisfy W = maX(T, T2). Then

2
2 _ . i -
T <2.5dist2(Ut, U*)’ 1.6dist(Uy, U*)> .

Picking 72 = Mkcl% and assuming that b > 11k logn ensures

fat2 * -
P ||H2H2 2 \/35d15t (UtvU )klogn < 6714klogn (33)

b <

for any fixed i € [n]. So

k1
P [H(GD — O)Vee(V*)[12 > 3502 V*|3dist (U, U™) %g”]
2 *2” . o2 1e 1D ~ klogn
<P ;HV 112 Z”H 12 = 3507 V¥||adist™(Ur, U™) b
=1

2 K : . « klogn
<P [nZ;\H 13 > 3502dist? (U, U) )

k1
< nP [HHng > 35dist? (U, U*)Og"}

b
< 6_13k logn
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where the first inequality follows from (32) and the last inequality follows from (33). The rest of the
proof follows from the fact that F' = [(G~Y((GD — C)o* + W))1 ... (G ((GD — C)v* + W))g]. That
is, we bound G~![W7,. .., W}] via an application of Claim 1 along with Proposition 40 part (1). This
gives a bound on the norm of F = [G™'((GD — C)v*)1...G7Y((GD — C)o*)i] + G~H[Wrh, ..., Wy]
by the union bound. O

Let f; be the i-th row of F' in row vector form. Also, recall that G?, C?, D are the k x k matrices
formed by taking the i-th diagonal element from each Gy 4, Cp 4, Dpq as in (31).

Proposition 42. Suppose Assumption 31 holds. For all t € [T — 1], we have that v;14+1 from

Algorithm 1 satisfies

5
vigg1ll2 < EF

with probability at least 1 — O(n~'4) for all i € [n].

Proof. By Lemma 39, we have (as row vectors) v ¢y1 = U;‘(U*)TUt — f;. This implies
lviesalle < WFll2ll(U*) T Ull2 + Il fill2

and so ||vi¢11|l2 < T+ || fill2- Fix i € [n] and assume that v7;, < 1. This is not difficult to achieve

when using Assumption 31. Recall that we defined 7 = ¢4/ 35]“%. Now, denoting the i-th row of
a matrix with (M); «

-
n b
i1/ ~i i N 1 i—1
1fillz = |GG C = DY)+ | DD GG A
=1 j=1 i |
) T
i—1 i i AV i1 1
<G RNG O = DY) T2 + 167 Nz | 5 D Gigai;Us
J=1 ik || g
Ty, N i . 40R%klogn
< * |2 dist —_—
=1 _TkHvZ HQ 1S (Ut7U )+ (1 —Tk)Qb
2
< UTk . 40R?*k logn
1— 7 (1 —71%)%b

with probability at least 1 — 2¢—14klog(n) _ g=14log(nb) i the argument of Lemma 41 part (1), and
the same arguments as Lemma 41 part (2) and Proposition 40 part (1) applied to the vectors

GG = DY) T and (§ S Gl )

0%

Now, assuming that m > 4000c2 R mad TP A Tklog n g o 1y > 4000 KT log(nm), we

Ego'?nax,*
have
YTk b 40R2klogn < E
1-— Tk (1 - Tk)2b 4
Taking the union bound over all ¢ finishes the result. O
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Lemma 43. Let 7;, = 5v/134/ %. Suppose Assumption 31 holds. Then, we have, for any
iteration t, that

1

.
(G @) = Vo) - @) = V@) Vi

2

3RI?\/15 - 24dklog(n) log(nb)
(nb):

< 7 dist (U, U*) +

with probability at least 1 — O(n~19).

Proof. Take W = (Wi,...,Wy)' € R™ where W, = 2377, >0, GijAijups. Recall that F =
(GTY(GD—-C)Yo* +W))1 ... (GTLH(GD—C)o*+W))i] € R™F by (30). Define W = [G™1Wy...G~1W,].
Let @; be the matrix defined via rows ¢; where

¢ =U(U) U*(0))" = U(fi)T = U*(v]) .

Finally, define by @t the matrix with rows g+ = ¢;+ — V[N/i,*(Ut)T where WN/H is the i-th row of W.
Note that

1 1 T
n <b(“Ll/)f“él/(vbrl([]t)T VU = (Ve (U - V*(U*)T>> Vit
’ (34)
T T
< % (11)(A’)T_A’(Qvt) - ét) Vigr]| + 71‘LH (i(A,>TA/(W1<Ut)T) _ W1<Ut)—r> Vit
2 2

The lemma follows from bounding the right-hand terms individually.
Let 7, = 5\/E\/F4dﬁ#.

Claim 1: We have
1

n

< 7l dist(U;, U*)
2

<i(,4/)*«4’(@t) - @) Vi

with probability at least 1 — e~ 10dlogn _ 9p—13klogn
Note that

lGill2 < W00 U @) = U* @)l + [T(F)T = (W)
< Tdist (U, U*) + || fi — Wil2-

NOW — -1 . . .
1fi = Willz = |G" " [2IG"D* — Cll2| (v7) |2
I/FTk

< dist(Uy, U )1 ey
with probability at least 1 — 2e~13%1987 yia an argument identical to Lemma 41 part (2) without
the label noise term. Choose ¢y > 1000c? in Assumption 31 to ensure v7, < 5. Then || f; — Wil <
['dist(Uy, U*) and hence ||g;||2 < 2Tdist(Uy, U*) with probability at least 1 — 2e~13#logn,

By Proposition 42, we have ||[v; ;112 < 2I' with probability at least 1 — O(n~1)
Observe

for each 7 .

n

b

1 ~ ~\ T 1 ~ -

"y ((A/)TA/(Qt) - Qt) Vigr1 = s E E (<$§,j7qfi,t>$§,j(vz‘,t+1)T - Qi,t(Uz‘,t—H)T) .
=1 =1
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We first condition on the event

&= {H@Hg < 2I°dist(Ug, U™) and ||vj¢41]2 < ZF for all i € [n]}

which has probability at least 1 — O(n~'?) by the union bound. Define the Euclidean %—covers of
the d and k-dimensional unit spheres N'* and N*, respectively. Via Lemma 23

Z Z ( g i) (0ign) T — ai,t(vi,t+l)—r>

lel

2
<2 ZZ s @i) (@, @5 ) Vi1, b) — (@, @) (Vig41,0)) -
3aeNdbeNknb == b9 ol T
The variable (z; ;,q;) is 2I'dist(U, U*)-sub-Gaussian and (a,z] ;) is 2_sub-Gaussian via Propo-
sition 18. This means (2] ;, ¢ +)(a, 2] ;) is sub-exponential with norm STdist(Uy,U*). Then, the

variable %@/i,j’ Git){a, T ;)(vit+1,b) is sub-exponential with norm
5T 502
%dist(Ut, U||vf|l2 < Edist(Ut, U*)

given that we have conditioned on €. Note that the variables ((x;], q~i,t>x;7j(vi7t+1)T — (Z,t(vi7t+1)T>
are centered. Furthermore, due to our conditioning we can concentrate these variables with respect

to the randomness j since they are independent of g;¢,v;¢+1. So, by Lemma 22 there exists a

constant ¢ > 0 where

P ZZ ( s @)@ (Vi) T — QNi,t(Ui,t-i-l)T) > 2s|&
i=1 j=1 9 (35)

2
_ gitk nbmi S S .
< 9" exp ( ¢nomin <52F4dist(Ut7 U*)2’ 5I2dist(Uy, U*)

From (35) we denote 72 = min (52F4disf(2Ut7U*)2, 5F2dist‘?Ut7U*)> and further set 72 = W.
If pb > L3dHhlogn 40
- Cl )
1 S _ T ) « [T*dlogn
P ;ZZ( 5 Qi) (Vi) — G (vigt) ) 2 5V13dist(Us, U\ | — =€
< 9d+ke—13(d+k) logn e—lOdlogn_
Recall that P[] > 1 — O(n~1%) . Therefore, we have
_ . . [T*dlogn
" ZZ ( 5, Qi) (vigg1) | — Qi,t(w,tH)T) > 5v13dist(U, U™) b | (36)

i=1 j=1 9

< e—lOdlogn + O(n—lo) _ O(n—lo)‘

This proves Claim 1.
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Claim 2: We have

1)/1 — — ’ 3RT?,/15 - 24dk log(n) log(nb
H(Gera @) - WwT) vi| < S 2 os) osted)
n|\ b ) (nb)1
with probability at least 1 — O(n~19).
Observe ) -
= (WA Wu)T) = W@)T) Vi
n b
1 N N
= — 3> (@ WaU) D (wsa) T = WU (i) )
i=1 j=1
Note that the random variables (] ;, Wi(Ut)TM; (vZ t+1) - Wi(Ut)T(vi,tH)T have mean zero since
:E; j and Wi(Ut)T are independent along with E [ } = (. Using a covering argument identical

to Claim 1, we have

n b
% Z Z <<x;,j7 Wi(Ut)T>l‘;7j(Uz’,t+1)T — Wi(Ut)T(vMH)T)
o 2 (37)

§mmwmzz(m (U)T) @. 2 5) s41.8) = {0 WilU) ) i 1.8) )

=1 j=1

e

Recall that W; = ( Sy ZJ 1Gi i (Vi) ) € R*. Conditioning on [|v; z41]]2 < 5T, we have

1%

||W1H2 < Dfily2Aklog(nh) W with probability at least 1 — ke~ 12108(nb) > 1 _ g=1110g(nb) Ly the union

bound on the components of /I/IZ Multiplication by U, on the right does not change this bound
given orthonormality.
We thus condition on the new event

— 5RT/24k log(nb
£= WU |2 < O8(M0) o f[visaalls < 2T for all i € [n]
4v/nb 4

which has probability at least 1 — O(n~!1) via our above work and Proposition 42. The variable

(x5, Wi (U)T) is (EMkl()gW)))—sub—Gaussian via conditioning on £. This means

4v/nb
1 —
= (@5 WU a5 i, B) = {a, WalU) T vz, B))
is 3RIZ/ 24k log(nb) V\/i;%og(nb) -sub-exponential. Using an argument identical to how we showed (36), the

inequality (37) implies

1

-
n <2(A/)TA/(W2‘(UOT) - Wi(Ut)T> Vit BRIPY/15 - 24dklog(n) log(nh)

(nb)

(38)

2

with probability at least 1 — O(n~!'Y). Combining (36) and (38) via the union bound finishes the
second claim.
Combining (34) with Claims 1 and 2 via the union bound finishes the proof. O
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Recall the exact statements of Assumption 31 and 32. That is, there exist ¢y, c; > 1 such that

202 2 log(nm)) T

max,*

m> co (max{RQ, 1} - max{T?, 1}74k10g2n R%k

and

2 212
n> e max {Acs, 1} (R+2F) T'dvklog?(nm) N R°I'*dlog(nm) T
E§\? m

Lower bounds on the constants cg, ¢c; are used many times in the proof for the following lemma.

Lemma (Restatement of Lemma 33). Let Ey = 1 — dist?(Up, U*) and ¢ = O ((R + D'V dk:).
Suppose Assumption 31 and 32 hold. Then, for any iteration t, we have that P41 1s invertible and

[NIE

— no-mln * 0 -
Plllo<|1-—2r—
|| t+1||2 —= < \/m )
with probability at least 1 — O(n~1Y).

Proof. Recall that F = G™{(GD—C)V*+ ;G 'V (A(Vig1(Uy) 7),¢) and let 75, = CT\/?M%,TIQ =

15134/ & C”Og" for some constant ¢ > 0. Letting co > 2000c2 in Assumption 31, we have —=— - < %
Lemma 41 part (1), we have

and noting HG

47R?n log(nb)

4
1]z < gvmel V712 + 5

(39)

with probability at least 1 — O(n~!!) via the argument Lemma 41 part (2) for the spectral norm.
Recall that Q; = Vi1 (Uy)T — V*(U*)T and V; = V*(U*)TU; — F by Lemma 39. Now, denote
H| = —3(A)A(Qi)Visr + &, Hy = —3(A)TA(Qr), and Wy = EVy(A(Vig1(Up)7),¢). By

Recursion 28, we have

PtT+1Pt+1 = ﬁt110t+1
= (U) U = (U i+ (H)TU) + (U) Wy + (W) U = L(W3)T H + H'[ W)

+ Zi(Ht’)TH; + (W) Wy
By Weyl’s inequality, the above implies
Ohin(Pi1) 2 1= DA (U) T HiVier + (Vie) T (H) TUD + Auin (U)W + (W3)TU)
- %Amax((Wt)THtWH (Vi) (H) W) = A (U) &+ €] U1)
W)€ + W) + ()T H) + D ()W)
> 1= D (U T HiVe + (Vi) T (H) U + Main((U)TWs + (W) T0)

—%Mwm%fmmﬂ+amnWmﬂww—Mm«mf&+§m>
— Amax (W) & + & W),
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To complete this proof we must bound each of these terms individually. That is, we upper bound

%)\max((Ut)THtVt-i-l + (Virr) ' (Hy) "UY)
Amax(U2) T & + & Uy)
Amax (W) & + &/ We)
%Amax((Wt)THtV%H + (Vir) ' (Hy) " W2)

and lower bound

Amin (U2) "Wy + (W) TUy).

These bounds follow from our previous propositions and lemmas.
Term (40a) has

gxm((mﬂmml + (Vi) T (H) "0y

= e DT (W) Ve + (Vi) () Ui
al|l2=

2
= max —naT(VtH)THtUta
lallz=1 "

lallz=1 71 llall2=1

We have

2 1 2
x —naT(V}H)T <b(.A')TA'(Qt) — Qt> Uia + max ;naT(V}H)TQtUta.

3RI'?\/15 - 24dklog(n)log(nb)

2 1
w2207 (V)T (V@) — Q) U < 2+

lall2=1 n

by Lemma 43. We are able to drop the second term on the right-hand
very fast rate of decay in n,b. Now

2 2
max jaT(VZH)TQtUta: max j<Qt7‘/¥+1aaT(Ut)T>

lallz=1 7 lallz=1 7

2n . T T
= N0, v U Uaa (U, —
||g\l\2i(1 n <Qt’ (U7) Uraa (Ut) >F

F

We bound the first term above via

49

(nb)

side above later due to its

21 <Qt, FaaT(Ut)T>F

n



/| <Qt, v*(U*)TUtaaT(Ut)T>

4,tr<

(o

F
(Vir)T = U* (V") )V*(U*)TUtaaWUt)T)
U

- —tr <<Ut ) U (V) TVHU*) Usaa” (Ut)T) - 2—ntr (Ut( )TV*(U*)TUtaaT(Ut)T>

= _—— tr( TV (U™ UtaaT>
(F)

i
(F)

VU Uyaa )‘
2"‘ F)TV (U Uta‘
2l () TV (0*) Tilalall
< I F vl

8 VTE 2 \/47T72R2 max,* log(nb)
< 37

b

(42)
with probability at least 1 — O(n~!1) by (39), where equalities 3 and 4 hold by the cycling property
of the trace and ((U;) U;)T = 0. Then

_ 2;77 <Qt, FaaT(Ut)T>F
= 2 (GO (V)T — U(F)T U (v)T) FaaT (0))

= 2 (0T = 1) U (V) FaaT 0)7T) + = tr (FaaT (@) U(F)T)

p (43)
= —naT(F)TFa
n
2n
< 6 virE 15412 R? log(nb)
—f ¢
= T3 (A )2 T b

with probability at least 1 — O(n~!!) where the third equality follows from the cycling property of
the trace and ((U;)1 U;)" = 0. Combining (42) and (43) gives us

2n + VT o 154n% R? log(nb)
— Uia < 8n—-—"-—=
||g\l\3i(1 na ( t+1) QiUia < 77(1 Tk)gamax,* b

/

given that Tk < 71 by selecting ¢ > 35¢2 in Assumption 31. Define 7, = v7y, + . Letting

max *
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cp, c1 > 4000, for (40a), we have

VT 15412 R2 log(nb
EAmaX((Ut)THtW-Fl + (‘/;—FI)T(Ht)TUt) S 2777-]; + 8n7k20r2nax7* n g( )
' (1 — %) b
+ \/ AT 208 a0 108(nD) | 3RI?1/15 - 24dk log(n) log(nb)
’ (nb)1
< Sn%i’iarznax 44 ATn? R2 max{o3 . ., 1} log(nb) .
(1 —7g)2 ™ 3

Note that (U;)"& in (40b) is a k x k Gaussian matrix with independent columns. Now, by an
equivalent statement as Corollary 27 for a k x k matrix

Ama(U) &+ &/ Un) = max o' (U2) 1648 Ura
a:f|all2=

=2 max aT(Ut)Tfta
a:l|all2=1

< 2[|(Un) Tl
< 26 (2Vk + w)

for w > 0 with probability at least 1 — 2¢~" for some constant ¢’ > 0. We select o = /10k logn,
which means

)‘maX((Ut)Tft + ftTUt) < 4né+/10klogn
with probability at least 1 — O(n~10).
Now, for (40c)

Amas (W) 1€ & We) = max a' (W) & +& Wia

all

< 2 max antTWta,

lall2=1
< 2|[&ll2lIWe[2
4 [2-15R%2T2d1
§2n6\/10dlogn<3\/ ”b Og”)
n

with probability at least 1 — O(n~1%) via Corollary 27 and Proposition 40 part (1). Now we bound
the term (40d). Note that

2 1
gAm«Wt)THtvm + (Vi) T () TW) < :Hb(w)u'(@t)vm

[Will2
2

<2 (H (})(A’)*A/(Qt) - Qt) Vi

n \thle) 1Wills (44)
2

IBr * 277
< 3Udelst(UtaU)+;||Qt‘/%+1”2 W2

by Lemma 43 and taking ¢y > 4000c2 and ¢; > 4000 from Assumptions 31 and 32 so 2n7/dist(U;, U*)
is dominant over the noise term. Then

. o, 2
Dma((We) T HiVigs + (Vi) T (Hi)TW2) < (mmzdlst(vt, U*) + :thmlHQ) Wil (45)

o1



Note that 27/ dist(U;, U*) < 1 by taking co > 4000c? and ¢; > 4000 from Assumptions 31 and 32
since 7;, = 5v/134/ 1“‘111”#. Then, by (39), the orthonormality of Uy, U*, and the definition of Q)

1QVisill2 < U TU* (V)T = U(F)T = U*(VH) T ||VU*) U, - F2

< @IVl IRVl + 1711)
. 47R?nlog(nb . 47R?nlog(nb
< <<2+2w>||v l+ f”) <<1+2um>nv o+ bg”)

% 47(2 4+ 2 2R2lV*2n1 b ATR2n1 b
< (24 2wm)?|V \|§+\/ (2+2vm) b“ I5nlog(nb) nbog(n ).

Then

9 39 [4Tn?R%02,. . log(nb)  154nR2log(nb
) QuVesall2 € 22+ 1720 e + N L A

by selecting the constant ¢y in Assumption 31 to have ¢y > 4000¢2 such that v, < 1—10. Recall that

< —
Wil < 3 —

4\/2 - 15n2R2T'2d log n
with probability at least 1 — O(n~!%) by Proposition 40. So, combining (45) and (46)
v (W) T HeVisr + (Vi) T (H) W)

< 4\/2 - 152 R?TIdlogn N 4\/2 -150%(1 + v1y)2R?T2do2 ,, . log(nb)
-3

nb 3 nb
4 \/ 2-15n2R2T'2dlogn 39 [4Tn*R?03,, log(nb)  154nR?*log(nb)
a = +
3 nb 5 b b

with probability at least 1 — O(n™'!). Recall v7; < 15 since ¢y > 4000c2. Moreover, for ¢; > 4000

4 \/2 - 15n2R2I'2d log(nb) N 4\/2 -150%(2 + 2v7y, )2 R?T2do2,,, , log(nb)
3

3 nb nb
4 \/ 2-15n2R2T2dlogn [ 39 [4Tn*R?03,, , log(nb)  154nR?*log(nb)
= = ’ +
3 nb 5 b b

- 16 /2- 152 R2T2d max{c2,,, ., 1} log(nb)
-3 nb

by Assumptions 31 and 32.
Observe that for (41)

Amin (U) "W + (W) TUL) > 20min (U2) TW2) > =2\ Anin (U2) T W)

and
2 Amin (U) "W | > —200min (U2) TW2)) > —20max (Ur) "W).
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Note that concentration inequalities hold for the sum of uncorrelated sub-Gaussian random variables

and UtT having orthonormal rows. Then, by a modified version of Lemma 40 part (2) for a
k x k-dimensional version of W;

amax((Ut)TWt) = ||H|1|aX1 aT(Ut)TWta
all2=
< [|(Uy) "W 2

_4 \/2-15772R2F2k10g(nb)
-3 nb

with probability at least 1 — O(n~!°). Notice that our upper bound is independent of the data
dimension d. Thus

8 [2-15n2R?T2k log(nb
(U)W 4 (W) T07) < 52 1FP R Rlog(nh)

Via the above work we have, simultaneously by the union bound, there exists a constant ¢ > 0
such that

L . [P R?*max{o3, ., 1}log(nb)
Z)\max((Ut)THtVt—i-l + (Vis1) | (Hy) ' Uy) < enTotiagn + C\/ Z ’
Amax (Ur) "€ + {;Ut) < éno/klogn
.~ R2n2T2dlogn
)\max((Wt)Té't + {JWt) < ¢né+/dlogn ( — (47)
[’ R?’T2dmax{o2,,, ., 1}log(nb)
Z)\max((Wt)THtV;i-i—l + (%+1)T(Ht)TWt) S C\/ nba 4

_ [n2R2T2k log(nb
Amm<<Ut>TWt+<Wt>TUt>Sc\/” A log(nt)

with probability at least 1 — O(n™!?). The value of é may change between lines. Its precise value

does not matter and this constant is used to simplify our proof. By our choice of v, we have
=0 (R4+I)I'VTdklog(nb)
€

n

. Putting together the bounds in (47) and selecting co > 4000¢2 and
c1 > 4000 in Assumptions 31 and 32

ooin(Prg1) > 1— éﬁfkff?naxy* — énéo+/klogn

) ¢ 2R2 max{o2,. .1} log(nb)
— C

212124 1
: . WW( Rnogn)

nb

A\/anQFQk:log(nb) A\/n2R2F2dmax{U§1aX7*,1}log(nb)
—¢ —¢

nb nb
>1- én?w?nax,* — 2¢nd+/dlogn

B 26\/772R2 max{I'2,1} log(nb) B é\/172RZI‘2almax{cr?nw*, 1} log(nb)
b nb

o3



with probability at least 1 — O(n~'?). Via our choice of &, there is a constant ¢ > 0 such that

2¢n(R + T)Tdy/ Tk log(1.25/5) log® (nb)
ne
2A\/772R2max{112,1}10g(nb) A\/02R2F2dmax{or2nax7*,l}log(nb)
—2¢ —é

2
mln(Pt-‘rl) >1- CnTkO—max,* -

b nb

Recall again that 7, = c;y/ 2% log" 7. = 5v134/ r dnlgg" and v =

_ 9 /
NTkO max * nVTkUmax « TN

135k 1 3 dl
- CTnVUmax * 35% + 5 771/ max * :Z% z *

Recall the exact statements of Assumption 31 and 32. That is, there exist ¢y, cq; > 1 such that

max{R?,1} - max{I'%, 1}+y*k1lo 2n R%k
s e ( (R, 1) max{T*, 1y "k log
00 I2

max,*

log(nm)> T

and

Acs, 1} (R4 T) dVk log? R?TI2d1
n> e (max{ 5.1} ( E—|—2>\2) Vklog (nm)+ og(nm))T.
0 m

The problem parameters that lower bound m,n now come into use during the following steps.
Furthermore, recall that by Assumption 4 we know some A > 0 such that A < opyin«. Then, there

exists a constant ¢ > 0 such that

r2nln «Eo é?])\QEg

L o éna
CNTKOo

max,x — /760 log n

\/coclfka:% log?(nm) logn

and thus

Ay 2
A~ — 92 CT]O'mm *EO C
CNTro

max,x — \/m

2

mm *

\/cocw?kri log?(nm) logn

since A < opin«. Further, this same constant ¢ satisfies

2¢n(R + T)T'dy/ Tk log(1.25/5) log® (nb) L \/772 B2 max (T2, 1} log(n)
C
b

ne

n?R?T2d max{o2,.x ., 1} log(nb)
+c b

2en\2E? 5 1
<« N0 a2 R
- log(nm) + Mmin £0 comax{I'2,1}klogn

max{0a .« 1
O CY
coc1 max{I'?, 1}k:2 log?(n)log(nm)
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and thus

2én(R + F)Fd\/Tk: log(1.25/8) log3(nb) . A\/WQRQ max{I'2, 1} log(nb)
¢
b

ne

A \/ 72 R2I2d max{02,,, . 1} log(nb)
+c A ’
n

2¢no?. E? 1
< Z%mina 70, enoin Eo .
c14/log(nm) comax{I'?,1}klogn
2 \/ max{oZ, . 1}

2
+ ENopin L0 :
s cpcy max{I'2, l}kg log?(n)log(nm)

(49)

since A < opin«. Note that EZ < Fy since Eg € (0,1). Then, combining cg, ¢; > max{10v/2¢, 10v/2¢2,4000¢2, 4000}
with (48) and (49) gives us

2
2 no-min,*EO
i (Pr1) > 1 — ——— 50
Umm( t+1) - 9 logn ( )
with probability at least 1 — O(n~19). O

B.4 Private FedRep experiments

In this subsection we describe the synthetic data experiments we designed to compare our Private
FedRep (Algorithm 1) to the Private Alternating Minimization Meta-Algorithm (Priv-AltMin) of
[JRS+21]. Our comparison is described in Figure 2 as a graph of population mean square error
(MSE) over choice of privacy parameter ¢ > 0. Note that we also experimented with non-private
AltMin, which performs similarly to the non-private FedRep in Figure 2.

2.00 1
175 A
1.50 A
u 1.25
s —»— Local optimization
E 1.00 4 ——- MNon-private FedRep
© —e— Private FedRep
E . X
2 075 1 Priv-AltMin
-
0.50 A
0.25 4
0.00 Jrmmim et e m—— e _[E==== = ——
T T T T T
1 2 4 6 8

User-level Epsilon
Figure 2: Graph of population MSE over choice of privacy parameter € € [1,8]. Local optimization

is done via non-private gradient descent on each user’s data separately and their population MSEs
averaging over n users.
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The features z € R? of our synthetic data are sampled from a standard normal Gaussian
distribution. We select optimal parameters U*, v}, ..., v} by sampling U from a d x k-dimensional
Gaussian distribution then generating an orthonormal matrix U* via (U*, P) = QR(U) and sampling
v ~ N (0, I);) for all i € [n]. Labels are generated as in Assumption 6 and we choose Gaussian noise
with standard deviation R = 0.01. Further, both Private FedRep and Priv-AltMin are initialized
using an implementation of Algorithm 2.

Our problem is instantiated with d = 50, k¥ = 2, m = 10, and n = 20,000. For FedRep we
prune our hyperparameters, deciding on T' = 5 and learning rate n = 2.5 with clipping parameter
b = 10. Similarly, Priv-AltMin with iterations optimized for T = 5 and clipping parameter 1074,
The Gaussian mechanism variance for both algorithms is calculated using the privacy parameter

A g = YIRS iy 5 = 1076

)
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C Missing Proofs for Section 4

We first restate our algorithm along with some initial definitions and results.

Define Br = {U € R™>* . |U|r < V2k}. Assume for simplicity that m is even. We also
partitioned S; = S? U S} where S = {21 ,... ,zm ;} and St = {241, 2m,;} for each i € [n].
Further, we denote S* = (S!,...,S.) where t € {0,1}. Suppose that S = (S1,...,S,) c Zrmd+D)
is a sequence of n datasets with m samples each. Let Sy = ((S1)ar, .. (Sn)m) where (Si)y =
{(Mz;4,yj) : j € [m]} for all i € [n]

Algorithm 3 Private Representation Learning for Personalized Classification

Require: dataset sequences SC and S' of equal size, score function f(U’, - ) =
—minyey L,(U',V; - ) over matrices U’ € R¥ >k privacy parameter € > 0, target dimension

=0 (r2F2 lon(nm/(S)) ’

1: Sample M € R¥'*d with entries drawn i.i.d uniformly from {j: 1 }

NG
Let Sy = ((S1)m, - - -+ (Sn)ar) where (S;)ar = {(Mz,y) : (z,y) € 52} for i € [n]
Let A7 be a Frobenius norm v-cover of Bp
Run the exponential mechanism over N7, privacy parameter ¢, sensitivity %, and score function
f(U', Sur), to select UeN?
Let UP™Y « MTU .
6: Each user 7 € [n] independently computes v]"" < arg min,,<r L(UPY o, S

7. Return: UPHY VPV = [P o™ T

&

Definition (Restatement of Definition 13). Let (U,v) € R¥* x R* and (x,y) € R% x {—1,1} any
data point. We define the margin loss as

EP(U7Ua Z) =1 [y<$’ UU> S p]
and denote the 0-1 loss
LU, v,z) =Lo(Uyv,z) =1[y(xz,Uv) <0].

Definition (Restatement of Definition 14). Let G C R be any set of ¢ vectors. Fix 7,3 € (0,1).
We call the random matrix M € R¥*? a (t, 7, 3)-Johnson-Lindenstrauss (JL) transform if for
any u,u’ € G

[(Mu, Mu') — (u,u')| < 7]lull2[lu'[|2

with probability at least 1 — 8 over M.

Proposition 44 ([Woo+14]). Let G C RY be any set of t vectors. Fiz 7,3 € (0,1). For M € RF*4
a (t,7,B)-JL transform for any u € G

(L =7) flull3 < [Mull3 < (1 +7) [lul3
with probability at least 1 — B over M, which holds simultaneously with Definition 14.
Lemma (Restatement of Lemma 15). Let 7,3 € (0,1). Take G C R? to be any set of t vectors.

k2

1
Setting k' = O (OgT(Z’B)> for a k' x d matriz M with entries drawn uniformly and independently

from {:t\/ly} implies that M is a (t,7,3)-JL transform.
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Lemma 45 (Lemma D.1 [BMS22|). Fiz 8 € (0,1). Suppose U € R¥* and that z; ; € RY, v; € RF
for all (i,7) € [n] x [m]. Let M € R4 pe o ((n + 1)m,~,3/2)-JL transform in the sense of
Proposition /4. Then, there exists a constant ¢ > 1 such that, with probability at least 1 — 8 over the
randomness of M, we have

log (nm/f
M55 < <1+C <k'/)> [E2R1: (1)
log (nm/3)
18Ul < (1+c LI 2
log (nm/pB
o] UM ™ Maz; j — v Uz, ;| < c|Uvil|y |3l (k’/) (3)

for all (i,7) € [n] x [m] simultaneously.

Recall that U/ is the space of orthonormal d x k& matrices and V the set of n X k matrices with
columns whose Euclidean norms are bounded by I' > 0. Throughout the following results we

assume that v < ¢ kfg(zj’,ﬂ/ﬁ) for some constant ¢ > 1 and a target dimension k&’ for a JL transform.

Furthermore, whenever we define a JL transform M, we assume that it preserves the norm of data
points x; ; for all (,7) € [n] x [m] and some fixed matrix in U € U. Let N7 be a Frobenius ~-cover
of the v/2k-radius Frobenius ball Br. By cover we mean that A7 contains the center points of
Frobenius balls of y-radius whose union contain Br. Note as well that N7 C Bp.

Proposition 46. Let M € R %% pe g ((n+1)m,~, 5/2)-JL transform in the sense of Proposition 44.
Assume c?log (nm/B) < k' and that x; j is a sequence of r-bounded feature vectors for each (i, j) €
[n] x [m]. Suppose NV is a Frobenius norm ~-cover of the k' x k-dimensional v/2k radius ball.
Moreover, let U € U and U € N where |U — MU||p < ~. Then, there exists a constant ¢ > 1
where, with probability at least 1 — B over the randomness of M, we have

~ 1
o] UMz ; — v UTwi ;| < (V2 +1)erT ()g(?:/ﬂ/ﬂ)
for any V = [v1,...,v,] €V and all (i,7) € [n] x [m] simultaneously.
Proof. Note that since U has orthonormal columns, we have ||[Uv;||, = |vil|, < T for all j. So
1
’UZTUTMTMQS‘iJ - ’UZTUT:L'iJ <ecrl (W (47)

with probability at least 1 — %B by part (3) of Lemma 45. Recall that v < ¢4/ log(i% for some

constant ¢ > 1. Assume c?r?I'?log (nm/B) < k/, which implies v < 1. Let Br be the k' x k-
dimensional Frobenius ball of radius v2k. We define N7 to be a Frobenius norm ~-cover of Bp.
Note |MU|r < V2k with probability at least 1 — 33 by part (2) of Lemma 45. That is, with

probability at least 1 — %B, there exists U € N such that |[U — MU|| < . Let U € N7 be within
v Frobenius-distance of MU conditioned on the event |MU||r < v2k.
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Now, there exists a constant ¢ > 1 such that

v] U'Max; j —v] UTM "M, ;

S HviHQHﬁTM‘Ti,j — UTMTM$i7j

,
< Nillo[|U — MU|[F|| Mz,
< \@7‘1“7

< VaerTy /18 (Z'Cn/ p)

where the third inequality holds by part (1) of Lemma 45 along with our choice of U and the fourth
inequality by our choice of «v. Hence

<V2erl log (nm/B) (48)

TrrT TrrTasT
V; U Ml‘i’jfvi U' M Ml‘iJ' L

with probability at least 1 — 33. Combining (47) and (48) with the union bound and triangle
inequality completes the proof. O

Lemma (Restatement of Lemma 16). Fize,p > 0,5 € (0,1). Algorithm 3 is (e,0)-user-level DP.
Sample S ~ D™. Then, Algorithm 3 returns UP'Y from input S such that

riv 0 = 0 ~ 7”2F2]€
min L(UP™,V;58%) < min L,(U,V;5%)+0 5
Vey (UV)eUxV ep3n

with probability at least 1 — B over the randomness of S and the internal randomness of the algorithm.

Proof. Let M € R¥*? be a ((n+ 1)m,~, 3/4)-JL transform in the sense of Proposition 44. Further,

let B C R¥*k be the Frobenius ball of radius v/2k. Recall that v < ¢ WIZM for a constant

¢ > 1. Assume c?log (nm/B) <K', which implies v < 1.
Define Vi € arg miny ¢y, L o(U',V;80) for each U’ € RT** and fix U € arg ming ¢y, L o(U', Vi3 S9).

Denote the columns of Viy as vy, ...,v,. Let N7 be a Frobenius norm v-cover over Br. We have
|MU||r < V2k with probability at least 1 — 13 by part (2) of Lemma 45. Choose y = ﬁ for

some constant a € (0, 1) along with U € N within Frobenius distance v of MU conditioned on the
event | MU|r < v2k. Then, by Proposition 46, for all (i, ) € [n] x [m] simultaneously, we have

vZTUTM:UM - ’UZTUT.%Z'J‘ <ap

with probability at least 1 — % B. Assuming 1 — ap > 0, the above implies, with probability at least
1— 18, that
LMTU, V7535 < LM U, Vi3 8%) < L,(U, Vir; S°) (49)

where the left-hand inequality holds by V, + being a minimizer for E(M U, - S9Y).
Let U € argming . LMTU, Vo SY). Then, by definition of U and the fact that N7 C Bp,
we have
L(MTU,Vyrg:8°) < L(MTU,V, 153 50). (50)
Let (S = {(Mz;;,yi;) : 7 € [m/2]} for all i € [n] and Spr = ((S?)mr )ie[n)- This definition and
the characterization of our losses in Definition 13 imply E(U, Vo S%y) = L(MTU, Vo S0).
Via the exponential mechanism over N7 given score function —L(U’, Vy;+ v SY) for U' € N7 and
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the usual empirical loss guarantees for the exponential mechanism, we obtain UPY ¢ R¥F where
UPY = MTU for some U € N7 such that

- o~ ~ log| N7
L(UP™, Vyorie; $°) = LU, V=53 SY) < LT, Vayr: SY) + O < ol |)

en
with probability at least 1 — %B . This gives us

r2I2k log (/%) log (nm/8))

L(UP™, Viyprie; S°) < L(MTU, Vuros S +0 ep*n

(51)
k'K
since IN7| = 0O <(‘4E> > and k' = O (M) by our choice of 7. Combining (49), (50),

and (51) via the union bound along with recalling our definition Vi € argminy ¢y, Ep(U’, V;S89)
finishes the proof. O

Theorem (Restatement of Theorem 17). Fiz e,p > 0,5 € (0,1). Algorithm 3 is (¢,0)-user-level DP
in the billboard model. Sample user data S ~ D™. Then, Algorithm 3 returns UPTY VP from input

S such that
| . R _ {1212 212
LUP™, VP D) < min LU, V; %) + O < o \/i)
(UV)eUxV nep mp

with probability at least 1 — 3 over the randomness of S and the internal randomness of the algorithm.

Proof. Let VP € V be the matrix with columns v" € arg min |, <p L(UPY v, 81) and V € V
with columns 9; € arg min,|<p E(Upri", v; SY) for each i € [n]. We first note that

LUPY VPV, D) - min  L,(U,V;S°)

(UV)eUxy
= (P, v D) — LUP™, VD) ) + (LUP™, VD) - LOP™,V,8%)  (52)
+ (E(UPriV,V, S% —  min E,,(U, V; SO)>
(UV)eUxV

Let M € R¥*? be a ((n + 1)m,, 3/6)-JL transform in the sense of Proposition 44. Let vy =

cy/ log(’z% for a constant ¢ > 0 and v = O (). Assume ¢?log (nm/B) < k/, which implies v < 1.
Denote by Br the k' x k Frobenius ball of radius v/2k. Let N7 be a y-cover of Bp. Using Lemma 16,

we have
272k
ep?n

E(UPri"’ V;SO) — min EP(U, V;8% < 0 ( (53)

(UV)eUxV

with probability at least 1 — %B over the randomness of M.
Claim 1: We have

. . . A~ ~ /
L(UP™, VP D) — LUP™, V;D) < O ( m)

with probability at least 1 — %6.
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By the definition of VPV, we have
L(UP™Y, vPiv; 81y < LUP™, V; 5Y). (54)

Our proof strategy is to obtain generalization error bounds for the parameters (UPHY_ yPrivy and
(UpHv, V) with respect to the loss L( - ; S1), which we leverage to prove the claim. We first analyze
the generalization properties with respect to ¢, D of our 2-layer linear networks induced by the
matrix product Uv for any U € By and v € R¥ with |[v]ls < T. We denote the family of 2-layer
linear networks induced by the matrix product Uv as £ and define Br C R¥ to be the centered
V/2kT-radius Euclidean ball. Let Hg be the space of binary classifiers induced by taking the sign of
the functionals ( - ,Uv) with Uv € L. Similarly, define H to be the space of binary linear classifiers
induced by functions ( - ,w) for all w € Bp.

Since £ C Br each functional ( - ,Uv) must also be contained in the space of functionals ( - , w)
with w € Br. This naturally implies Hg C H. Hence, the VC dimension of Hg is no larger than the
VC dimension of #, i.e. at most k' + 1. Recall N7 C B and that, by the description of Algorithm 3,
there is a particular U € N7 such that UP™Y = M TU. Then, we have U € Bp and thus the binary
classifier induced by Uv is in Hg for any v with |[v]s < T.

To garner a generalization guarantee, we use the fact that the VC dimension of Hg is O(K').
Recall that (Sz)M = {(Ml‘@j, ym) : (xiyj,yi,j) S Sz} for each ¢ € [TL] Denote Sy = ((SZ)M>ZE[7L} and
define the sequence of distributions Dy = ((D1)ar, - - -, (D)) where for, each @ € [n], we have that
x' ~ (D;)pm has the same distribution as Mz with 2 ~ D;. Thus, we obtain, from the VC dimension
generalization error bounds on H that, for each ¢ € [n], the following

LT 02 (D) — (T 0™ (S )(<0<\/Z>
L(T, 6 (D) ar) — L0, 5 (SHan)| < 0 (1
| <o(y/%

with probability at least 1 — = B Then, by the union bound and taking the arithmetic mean over

the n users
~ . o~ o~ . ~ k/
‘L(U, VP D) — L(U, VP, Sjl\/[)‘ <O (\/ m)

‘L(fj,f/;DM) L0, V; sk )‘ <0 (ﬁ)

with probability at least 1 — % (. Via the inner product that characterizes our losses in Definition 13,
we have L(U,V;Dy) = L({UPY,V; D) and L(U, VP'V; Dyy) = L(UPY, VPV D). Using the above

inequalities and (54), we obtain

. . 1 ¥ A k.,
L(UP™ VPV D) — L(UP™,V;D) <O (\/2)

with probability at least 1 — %B , which proves Claim 1.

Another application of the VC bound and the union bound gives us, with probability at least
1 — 18, that

3>

and

and

L(UP™, V:D) — QWWVS%SO( Z). (55)
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Combining (53), Claim 1, and (55) via the union bound, and recalling that k¥’ = O (M)
by our choice of «, finishes the proof. O
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